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Partial molar volumes, energies, and enthalpies are calculated via the (V,U,V) molecular
dynamics implementation of their corresponding operational definitions in terms of constant
volume fluctuations. The method is exact for the former property but only approximate for the
latter two. The partial molar volume operational definition satisfies Euler’s homogeneous
function theorem identically. The corresponding energy definition is based upon a differential
equation and does not, therefore, satisfy the homogeneity constraint identically. A numerically
unimportant but conceptually profound correction to the recently derived partial molar energy
operational definition is incorporated and its theoretical implications discussed.

INTRODUCTION

Partial molar quantities are among the most important
properties in the experimental and theoretical study of noni-
deal mixtures. “Mechanical” partial molar quantities [i.e.,
those that can be defined without invoking the concept of
entropy, namely, partial molar volume, energy (and hence
enthalpy) ] are central to our understanding of phenomena
as diverse as thermal and volumetric effects upon mixing,
cluster formation in supercritical mixtures,' and the effect of
chemical equilibrium on the thermodynamic properties of
reacting mixtures.>

Deterministic (molecular dynamics) and stochastic
(Monte Carlo) computer simulations constitute extremely
powerful tools in the study of the relationship between bulk
properties and the details of such molecular characteristics
as size, shape, electrical charge, and interaction potentials.
Little work has been done in the area of computer-based
study of partial molar volumes and enthalpies.

Previous researchers®* have adopted a “literal” inter-
pretation of the generic mechanical partial molar property.
They have, in other words, considered the rate of change of
an extensive quantity (1) with respect to a particular com-
ponent’s mass (measured in moles or molecule numbers,
N,), at constant temperature, pressure, and masses of all
other components (a constraint denoted here by N[/1),

7 = [_‘“_ .
aN i dT,PNi]

A literal computation of A, via a computer simulation,
then, calls for the evaluation of the following quantity:

A=A(Ng....N;,...N,,T,P) —~ A(Ny,..N; + 1,...N,,T,P)

=F4. (2)
The partial molar property, therefore, is obtained from the
difference between the values of the corresponding extensive
quantity over two isobaric, isothermal simulations in which
the composition of the system under study is changed by
addition (or removal) of a single molecule. The main fea-
tures of such an approach are:

(i) Two simulations per data point are required (this is
probably the most important reason behind the above de-
scribed dearth of work in the area).

(1)
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(ii) The partial molar property is calculated as the
(small) difference between two large quantities. This source
of numerical inaccuracy is, of course, balanced by the fact
that fluctuations in A, an extensive property, decrease as the
sample size increases.

(iii) The partial derivative d /9N, is replaced by a differ-
ence, computed over a finite sample. In this sense, the ap-
proach is exact when applied to the study of infinite dilution
properties, if infinite dilution is simulated by imposing on a
periodically bound system containing a single /-type mole-
cule bulk conditions corresponding to an otherwise identical
simulation in which such a molecule is absent (for example,
pressure and temperature in an isobaric, isothermal simula-
tion). This accuracy at infinite dilution is especially interest-
ing in the light of the numerical limitations of the fluctuation
method to be discussed below at high dilution of any particu-
lar species.

The literal approach has been successfully applied re-
cently® to the study of a variety of infinitely dilute solute
partial molar properties in binary mixtures. This interesting
study, part of an ongoing comprehensive research effort in
the area was, moreover, not limited to mechanical partial
molar properties.

Although Eq. (1) is a rigorous definition of the generic
partial molar quantity, it does not exhaust the possibilities of
computer-based studies of such properties. Fluctuation-
based methods such as the one to be discussed in this paper
are among the most promising (and still unexplored) alter-
natives.

Any thermodynamic partial derivative can be expressed
in terms of fluctuations. There results a fluctuation-based
operational definition of the partial derivative: the idea is
then to calculate the property in question not as a difference
[i.e., through Eq. (2), for example] but via a computer sim-
ulation of the appropriate fluctuations. Among the distinc-
tive features of this alternative approach, we cite

(i) the operational definition is not unique, since a given
partial derivative can be expressed in many equivalent fluc-
tuation-explicit ways.

(ii) Consequently, fluctuation-based methods offer a
wide range of possibilities for the computer study of partial
molar quantities, since the nature of the many possible oper-
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ational definition dictates the corresponding type of simula-
tion.

(iii) Fluctuation-based methods require a single simula-
tion per data point.

In this paper we consider constant volume fluctuations.
Operational definitions for partial molar volumes, energies
(and hence enthalpies) are presented and implemented
within a molecular dynamics algorithm. The advantages and
limitations of the approach are derived from an analysis of
the calculations in the light of the homogeneity condition
which must be obeyed by any partial molar property.

Interpreting thermodynamic quantities in terms of fluc-
tuations, implementing the operational definitions as com-
puter algorithms, and seeing statistical order emerge out of
(simulated ) molecular chaos is a permanent reminder of the
great leaps of the imagination (Boltzmann, Gibbs, Einstein)
that made our understanding of bulk matter in terms of its
molecular constituents possible.

FLUCTUATION METHOD

Equilibrium states of thermodynamic systems can be
characterized by the values of a finite number of properties.
That such properties can, indeed, be associated with a time-
invariant numerical value is an idealization. Quantities such
as temperature and pressure fluctuate about their equilibri-
um values as a consequence of molecular motion. Fluctu-
ation theory is the formalism that allows the quantification
of the statistical regularities underlying this apparently
chaotic behavior in terms of average (equilibrium) values of
thermodynamic properties. An equilibrium state, in other
words, can be characterized not only by the average value of
properties, but also by the distribution of fluctuations of
those same properties about their respective average values.®

In order to define a fluctuation, it is necessary to specify
not only the fluctuating observable(s), but the extension of
the region of space (subsystem) under consideration. We
can, for example, focus our attention on a control volume
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FIG. 1. Fluctuation theory allows the
quantification of a fluctuation in terms of a
partial derivative. Fluctuation simula-
tions allow the calculation of partial de-
rivatives from the simulation of the corre-
sponding fluctuation(s). The compress-
ibility relationship, as written, applies to a
pure substance:.

(fixed but arbitrary volume, variable mass), or on a region of
space so defined as to contain, at all times, a fixed mass of a
particular chemical species. Subsystems defined by a single
extensive constraint are of particular interest in the present
context. The average value of any quantity ¢ computed (or
measured) either over an ensemble of subsystems defined by
some extensive constraint X or over time, within a single, X-
defined subsystem, will be denoted by (¥) ».

The lowest-order, nontrivial moments which character-
ize the distribution of fluctuations in an equilibrium system
are second moments. In this case, with S¥=¢ — (¢, the

theory®? yields the completely general result (8 = 1/kT;
see Ref. 9 for a detailed analysis)
9A;
OA64,; = —_._'—] , (3)
& e [3/1,- XX s

where n denotes the number of chemically distinct compo-
nents in the system under study, X; (i = 1,...,n + 2) are the
independent extensive variables in terms of which the sys-
tem’s energy can be expressed [i.e., S, V, NV, (k= 1,..,n),o0r
any of the (n + 2)! permutations of these variables], and
4, ,/_l ) denotes a  generic conjugate  pair
[(S T) ,(V, — P), (N;,u;)] in which A is extensive (inten-
sive) if A is intensive (extensive). The notation A [ J] implies
constancy of all A's except for /l Except for the case
A; =N, /1] is not a partial molar quantlty in Eq. (3).
Equation (3), then, relates fluctuation covariances
(e.g., (6TSP ), {5SSV )) or mean-squared fluctuations [e.g.,
((8T)?), ((8N,)?) ] to partial derivatives. One can interpret
this relationship between pairwise fluctuations and partial
derivatives in two different ways,” one of which (i.e., the
quantification of such a fluctuation in terms of a first-order
partial derivative) is one of the important results of the the-
ory of fluctuations. Conversely, one can invoke Eq. (3) in
order to interpret a particular derivative property in terms of
its corresponding fluctuation(s). The computer simulation
of the appropriate fluctuation(s) is the central idea underly-
ing the present work, and is illustrated in Fig. 1 for the case
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of three properties (specific heat, thermal expansion coeffi-
cient, isothermal compressibility) with extremely simple
(and well known) fluctuation-explicit definitions (the K,
relationship, as written, is only valid for a pure substance).

The significance of this approach lies in the fact that
many properties of interest in the study of nonideal mixtures
are first order partial derivatives, and are thus amenable to a
fluctuation interpretation. Such a fluctuation interpretation,
however, is not unique, since a given partial derivative can be
expressed in terms of as many types of fluctuations as there
are subsystem definitions. Accordingly, a derivative proper-
ty can be studied via a variety of computer simulations, some
of which!? have not been proposed before.

Out of the many possible definitions, we focus our atten-
tion here on fluctuations within a control volume, that is, an
open, fixed volume region of space. The derivation of oper-
ational definitions for V, , U (and hence H ) in terms of such
fluctuations has been discussed recently in detail.'® For ¥,

the grand canonical treatment of Kirkwood and Buff ! is
invoked to obtain, for an #-component mixture,
-1

To=[Sxmi|[3 3 xmisl] . @
Jj=1 j=1k=1

where

—(N)/P=P"" 3 (N), (5)

j=1

x; is a mole fraction, and |B |,z denotes the cofactor of the
a,ﬁ element in the fluctuation determinant |B |, with ele-
ments

(SN,5N,)
i = _—I;_

where ( ) denotes thermodynamic averaging over an ensem-
ble of open subsystems of volume V. As an example, for a
binary mixture, we have

) (6)

((BNDY _ (SNN)
7o (V) (V)
? 1—x, ((BN)D ), ({BND? _ ((6NBN)
x| x2 ( ) 1)+ W) A ]

In the case of U,, a fluctuation-explicit operational definition follows from solving the linear system'® (j = 1,...,n; see

Appendix for a derivation)

(8N.6N)) —. _ (8USN,) | BPK 7 (5P8N,)

+yY——-U =
! ;,-((51\’,.)2) ((8N))?)
where

P*((6N)?)

K7 =(N)pkTK; = |B |V/z z x.%;|B|;
i= j—
which, for a binary mixture, becomes

T(8T6P) 1]
P ((6T)%) ’

)

T, = [(8USN,)((8N,)?) — (BUSN,) (8N:5N,) | + $[(SPSN,) ((8N,)?) — (SPBN,)(6N:SN3)1

((8N,)*)((8N,)?) — (8N,6N,)*

where

6= BP T (8T6P)

({N,) + (NLEND ((BN,)?) — (6N 8N,)?]

P (6T

In the original derivation,'® the relationship K%

= ((6N)?) was incorrectly used. All of the results reported

here were obtained using the correct form given above. Al-

though numerically inconsequential (partial molar energies

and enthalpies change by less than 1%) this difference has

very interesting theoretical implications which we address in
the Appendix.

Equation (4) is amenable to an algorithmic implemen-
tation via (N, U, V) molecular dynamics or (N,7,¥) Monte
Carlo simulations (U denotes internal energy); Eq. (7), be-
ing explicit in temperature fluctuations cannot, on the other
hand, be computed via Monte Carlo techniques. In this pa-
per we discuss molecular dynamics simulations exclusively.

The numerical implementation of the operational defi-
nitions within a molecular dynamics algorithm calls for the
partition of the periodically bound computational cell into
an appropriate number (L) of constant volume, open sub-

CINYHBND?) + (NDH(BN,)?) — 2N (N,) (BNSN,)

-
cells. These subcells have no physical significance whatso-
ever, and are only used for “‘accounting” purposes (they do
not, in other words, impose any constraint upon the mole-
cules’ motion). A possible subcell arrangement is illustrated
in Fig. 2, where two of the eight space-filling units into which
the periodically bound computational cell has been divided
are shown.

At each time step during the simulation, subcell ener-
gies, temperatures, pressures, and compositions are calculat-
ed, and the appropriate averages, as per Egs. (4)-(7), are
then computed, yielding the desired partial molar property.
The instantaneous configurational contributions to subcell
energy and pressure (i.e., virial) were evenly divided among
the subcells in which members of the particular pair under
consideration were located at any given instant, an approxi-
mation consistent with the pairwise additivity assumption
used throughout this work.
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FIG. 2. Division of the periodic computational cell into eight space-filling,
open subcells. Only subcells IV and V are shown.

TECHNICAL DETAILS

A binary Lennard-Jonesium was used as a model sys-
tem. The following definitions apply throughout (1 = sol-
ute, 2 = solvent, m = mass, ¢, = isochoric specific heat, K
= isothermal compressibility, a, = thermal expansion co-
efficient, H = enthalpy, v = velocity)

TABLE I. Fixed parameters.®

€n/€n /03 m¥ r*

0.597 0.768 1.318 0.8594

B€)) = €33, 0, = 0y, m¥ = linruns 7, 8, 10, 11, and 12 (see Table II).

vt =v(me; ). (17)

Parameters which were fixed throughout the simulations are
listed in Table I. Cross interaction parameters were obtained
from the Lorentz-Bertholet combining rules. A study of this
highly asymmetric mixture via (¥,T,V) Monte Carlo has
recently been published'?: it includes phase coexistence
boundaries at or near the conditions explored in the present
work.

The shifted force method*® was used to truncate the po-
tential “exactly” (i.e., without loss of energy conservation).
The cutoff radius was set at 2.80,,. All simulations followed
relaxation runs in which the system was started from an fcc
configuration in which solute molecules were randomly
placed within the regular structure. A unimodal velocity dis-
tribution (37*/m¥*)'/?, with randomly oriented compo-
nents was imposed upon each species, T * being the “objec-
tive” temperature from which the system was started, and
towards which it was brought, in the course of relaxation
runs, by successive time rescaling. Relaxation runs varied in
length, but were never shorter than 3.5 10* steps.

The equations of motion were integrated via the fourth
order (Verlet) scheme'®

T*=kT€2;1 ’ (8) "
1 x(t 4 8t) = 2x(r) — x(t — 8t) + %(1)(61)* + O(61)* .
P*=Poje; ", 9 (18)
V‘ = V0'2_2' 3 N ( 10) . . . «
_ In such an algorithm, the velocity is obtained from the equa-
p*=Non V!, (11) tion
m* = mmi", (12) L\ [x(r4+ 60 —x(t—601 + 060 (19)
. i(t):(—-——) x(t+6t) —x(t—-61)] + )
CcI=Ck™', (13) 26t
K*=¢,K,05°, (14) and, therefqre, temperatur‘e correcti_ons (during relaxation
. k-1 (15) runs) were implemented via a rescaling of 6z.
Gp = Exp ’ Equilibrium values of T* and P * and their associated
U*=Ue;'; H*=He;', (16)  fluctuations are shown in Table II for all of the simulations
TABLE II. Energy conservation, temperature, pressure, and time step for the simulations performed in this
work.
Run®* N N, T+ P+ rms(T*)® rms(P*)® 10° rms(U*)® 10 6F
1 256 77 0.923 0.842 0.0287 0.2473 3.391 7.82
2 256 77 0861 0.561 0.0286 0.3416 1711 7.54
3 256 77 0.801 0.309 0.0289 0.6096 2.384 7.22
4 256 64 0.930 1.051 0.0288 0.1929 1.806 6.77
5 25 51 0.934 1.275 0.0303 0.1610 3.054 6.35
6 256 38 0.913 1.469 0.0306 0.1402 2.951 13.25
7 256 77 0974 2936 0.0329 0.0735 1.394 4.52
8 256 77 0.975 2.945 0.0324 0.0724 4.039 4.52
9 500 150 0.930 0.371 0.0197 0.1602 1.907 5.96
10 25 51 0974 2936 0.0329 0.0735 1.394 4.52
11 256 38 0.974 2936 0.0329 0.0735 1.394 4.52
12 256 26 0.974 2936 0.0329 0.0735 1.394 4.52

"€, = €y, Oy = Oy, m¥ = linruns 7, 8, 10, 11, and 12.

*rms(a) = [ (6a)?/ (@)2]"*; overbars denote averaging over the whole computational cell.
°Time measured in units of /(m,/€,,)"'%; | = size of computational cell.
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TABLE III. Partial molar property calculations.

Run N L N, T* P+ V& 3xV* v®¥/N -TUt -Uf -—-3xUr -U*N -—-H? —-H} —3IxH* -—H*N
1 256 16 77 0923 0.8756 1.2874 1.1635 1.1636 1.4111 3.4913  2.8656 22966  0.6737 24071  1.8857 1.3167
2 256 16 77 0.861 09131 12713 1.1636 1.1636 1.4215 3.4647  2.8502 24338 09096 2.7519  2.1978 1.7815
3 256 16 77 0.801 0.8948 12792 1.1636 1.1636 1.5249 3.4632  2.8802 2.5678  1.2486 3.0683  2.5210 2.2085
4 256 16 64 0930 09028 1.2505 1.1636 1.1636 1.7110 3.8723  3.3195 24776 0.7620 2.5579  2.1089 1.2540
5 256 16 51 0.934 0.8491 1.2418 1.1636 1.1636 1.7978 3.9862  3.5502 2.6654  0.7155 24033 20671 1.1821
6 256 16 38 0913 0.8308 12216 1.1636 1.1636 2.1665 4.4379  4.1008 29063  0.9461 2.6435  2.4466 1.1971
7 25 8 77 0974 1.1908 1.1518 1.1635 1.1636 6.6050 6.5305  6.5529 33219  3.1088 3.1487  3.1367  —0.0943
8 256 16 77 0975 11789 1.1569 1.1635 1.1636 6.7972 6.7539  6.7669 33192 3.3256 3.3467  3.3103 - —0.1074
9 500 16 150 0.930 0.8497 1.2981 1.1636 1.1636 1.5114 3.7815  3.1005 2.2857  0.7711 2.6505  2.0867 1.2719
10 256 8 S1 0974 1.1879 1.1575 1.1636 1.1636 6.7202 6.5172  6.5576 33219  3.2326 3.1188  3.1415  —0.0943
1 256 8 38 0974 1.1790 1.1609 1.1636 1.1636 6.6468 6.5389  6.5549 33219  3.1853 3.1306  3.1387  —0.0943
12 256 8 26 0974 1.1584 1.1641 1.1636 1.1636 6.6176 6.5468  6.5540 33219 3.2165 3.1289  3.1378  —0.0943

performed in this study (the notation & denotes averaging
over a simulation, that is to say, over the entire periodically
bound, constant energy computational cell, and should not
be confused with {a)). Also shown in Table II is the algor-
ithm’s accuracy, as measured by the normalized root mean
square energy fluctuation, and the magnitude of the corre-
sponding time step ¢ [in units of /(m,/€,,) /%, where /is the
computational cell’s linear dimension]. All runs were 30 000
steps long, except for run 8, which lasted 40 000 steps. An
explicitly vectorized Fortran program, and a Cyber 205
computer were used in all of the calculations. Each time step
took approximately 0.1 s (N = 256).

RESULTS AND DISCUSSION

The simulations described in Table 1I were conducted so
as to test the feasibility of the constant volume fluctuation
method for the calculation of mechanical partial molar
properties. The following discussion, accordingly, is intend-
ed to highlight the method’s advantages and limitations: it
does not constitute an exhaustive exploration of the thermo-
dynamics of the particular mixture under study.

Partial molar property calculations (per molecule) are
detailed in Table III. Calculated partial molar volumes satis-
fy the following thermodynamic identity exactly (N = total
number of particles, ¥ = total volume),

S xV¥=1/p*=V/(Noy)=V*/N. (20)

Equation (20) follows from applying Euler’s theorem for
homogeneous functions? to the temperature-, pressure-, and
molecule number-explicit expansion of any extensive prop-
erty (volume in this particular case). The Kirkwood-Buff

TABLE IV. Percent changes in partial molar properties due to sample and
subcell size changes.

ATt AT A(E?D A(H2D ATH AT
N test® +7.11 +831 41446 41011 —296 40.83
Ltest® +291 +342 4697 +629 —1.00 4044

* Normalized changes with respect to run 1.
*Normalized changes with respect to run 7.

expression for l—/, [see Eqgs. (4)—(6)] satisfies this relation-
ship identically. Euler’s theorem is thus trivially verified
when a constant volume fluctuation method is used to com-
pute partial molar volumes. This is a very important advan-
tage of the method but implies that Eq. (20), being an im-
posed consistency condition, cannot be used to test the
calculation’s numerical accuracy.

Instead, a ““trivial” mixture having identical solute and
solvent molecules (o,,/0;, = €,,/€ = my/m; =1) was
simulated (run 8). In this particular case ¥ */N is both the
molar and the partial molar volume of both “species”, and is
known a priori. Numerical errors in the calculation of partial
molar volumes can therefore be independently assessed. As
can be seen from Table III, not only is Euler’s theorem triv-
ially satisfied, but the individual errors in solute and solvent
partial molar volumes with respect to the theoretical value
are 1.32% and — 1.01%, respectively.

In order to further test the numerical accuracy of the
calculations, both N (sample size), and L (subcell number
or reciprocal size) were varied at constant thermodynamic
conditions (x,,0* U */N). The sample size dependence was
tested by increasing N from 256 to 500 (runs 1 and 9); the
subcell size, by decreasing L from 16 to 8 (or doubling sub-
cell size; runs 8 and 7). Results are summarized in Table IV
(the corresponding energy and enthalpy results will be dis-
cussed below). It can be seen that very good numerical accu-
racy results from an O(10?) sample size, and an O(10) !
subcell size. In addition, because of the Euler condition, er-
rors in solute and solvent partial molar volumes are always
of opposite signs.

If, then, the Kirkwood—Buff expression for ¥, is written
in terms of fluctuations instead of pair correlation integrals,
it provides the basis for extremely accurate partial molar
volume calculations via (N, U, ¥) molecular dynamics. This
method cannot, however, be extended to infinite dilution:
not only is Eq. (4) explicit in actual mole fraction, but quan-
tities such as ((6NV,)?) and (8N,86N,) lose statistical signifi-
cance as IV, is decreased, the minimum solute mole fraction
required being a function of sample and subcell size
(NLTY).

The statistical significance of computed fluctuations as
the solute concentration is decreased is addressed in Fig. 3.
This illustration shows the calculated mixture and partial
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N=256
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FIG. 3. Numerical solute-number dependence of T",", T’z*, and 2x,V*. Trivial mixture, (T*) = 0.974; N, = 26,38,51,77, eight subcells. Sx,V* is indistin-

guishable from V*N ~ .

molar volumes as a function of N, over four otherwise identi-
cal simulations of the trivial mixture (runs 7, 10, 11, and 12).
Note that solute and solvent are now indistinguishable: the
simulations yield identical values for U *, P *, T *, etc. Differ-
ences between ¥ and ¥ are therefore due to N, depen-
dence exclusively. A threefold variation in N, from 26 to 77
molecules gives rise to just 2.8% and 1.1% changes in V]
and ¥, respectively. Also, within the range of compositions
explored, these two quantities differ, at most, by 3.4%. Al-
though the solute and solvent curves necessarily coincide
(and are hence error free) when x, = 0.5, the accuracy at
10% mole fraction is significant, suggesting the possibility of
extending the technique well into the x, < 1% region. Such a
study is currently being done, and will be reported in future
publications. The trivial mixture is therefore extremely use-
ful for the simultaneous quantification of the method’s accu-
racy (since the theoretical value of both partial molar prop-
erties is known), consistency (Euler condition), and
usefulness for dilute mixture studies (through the NV, depen-
dence tests).

Figures 4 and 5 show selected results corresponding to
Table III for nontrivial mixtures. Figure 4 illustrates the
isothermal composition dependence of V*and V * over four
simulations (runs 6, 5, 4, and 1) in which N was changed
from 38 to 77. Temperature dependence is shown in Fig. 5.
Also shown in Figs. 4 and 5 is the calculated value of Zx T,
which is indistinguishable from the theoretical value (V' */
N) in all cases.

Table III also lists results for partial molar energy and
enthalpy calculations, the latter being obtained from the
equation

H =T, +PV,. (1)
Figures 6 and 7 illustrate some of the results. Contrary to
partial molar volume calculations, the Euler condition is not
satisfied identically. This follows from the nature of the ener-
gy operational definition'® which is obtained from a tem-
perature-, pressure-, and mass-explicit expansion for dU
which contains no information whatsoever on U itself (see
also the Appendix). This is not the case with the Kirkwood—
Buff expression for ¥;, where the corresponding extensive
quantity (volume) is imposed at the outset, both explicitly
[Eq. (5)] and implicitly ({ ) denotes a fluctuation within a
region of space having a specified volume).

That errors as small as 12.2% (energy) and 14.1% (en-
thalpy) can be obtained at all (run 3) is indeed remarkable:
the Euler condition is now a relationship between complete-
ly unrelated quantities (computationally speaking). It is
nevertheless clear from Table III that this particular oper-
ational definition for U, does not in general lead to accurate
predictions with sample sizes of O(107). The attractive fea-
ture of a fluctuation approach, however, lies in the fact that a
given derivative property is amenable to a wide variety of
operational definitions, having identical theoretical validity
but different computational implications. In the specific case
of U,, alternative operational definitions have been recently
derived,!® and their numerical implementation will be re-
ported in future publications. The ultimate goal is of course
the derivation of an operational definition for U; which in-
corporates the Euler relationship while, at the same time,
being amenable to a computer implementation. Theoretical
work in this direction has been recently completed.'
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FIG. 4. Isothermal composition dependence of 7’{', 7;‘, Ex,»'l—’;"; 16 subcells. (N,,{T*)) = (38,0.913); (51,0.934); (64,0.930); (77,0.923). Zx,-T’;’ is indis-
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The energy and enthalpy calculations were also subject-
ed to the same numerical tests used in the volume case,
namely,

(i) N-dependence test (constant p*,x,,U*N ~!; runs 1
and 9).

(ii) L-dependence test (constant p*,U*N ~!, trivial
mixture; runs 7 and 8).

(iii) N,-dependence test (constant p*,U*N ~!, trivial
mixture; runs 7, 10, 11, and 12).

Results are shown in Table IV (N,L tests) and Figs. 8 and 9
(N, test). We note from Table IV that sample and subcell
size dependence are significantly greater for energy and en-
thalpy than for volume calculations. In addition, there is no
compensation between the errors in U#* (or H*) and U?*
(or H¥), since the Euler condition is not imposed.

From the N, dependence shown in Figs. 8 and 9, it can
be seen that the computed properties are not significantly
affected by a threefold change in N,: maximum solute, sol-
vent, and mixture property variations of 1.74%, 0.4%, and
0.07% (energy), and 3.98%, 0.95%, and 0.15% (enthalpy)
occurred over simulations 7, 10, 11, and 12, in which N, was
decreased from 77 to 26. Contrary to the volume case,
though, this desirable numerical stability vis-a-vis low solute
concentrations is not complemented by a corresponding ac-
curacy (note the large errors shown in Table III for both
energy and enthalpy with respect to the theoretical value);
accordingly, the Euler condition is not satisfied and longer
simulations are required.

The sample size question can be looked at from a slightly
different perspective, which is of particular interest in the
light of the considerable energy and enthalpy errors men-
tioned above. Equation (7) is a thermodynamic identity. It
follows that its numerical implementation will yield results
of arbitrary accuracy for a large enough sample size. This
high-N limit, however, is not approached monotonically. To
see this, we write, for a generic fluctuation,

(64,84, =aN°+ N ~*, (22)

where the first term describes the true (thermodynamic) ¥
dependence, and the second quantity is the numerical error
which, for any fluctuation, is a decreasing function of N fora
given run length. If we consider energy-component mass co-
variances, for example, we have (v = UN )

(8USN,) =NkT[(a—u) +u(‘91“N) ]
) Ty 9 Jrvan

(23)

or, in other words, a = 1 for this particular fluctuation.
Thus, although any given fluctuation approaches its thermo-
dynamic limit monotonically as N is increased, the same is
not true in general for a highly nonlinear combination of
fluctuations, such as U,. That numerical accuracy is not ap-
proached monotonically can also be seen from Table III: the
difference between U*/N and Zx,U¥ actually increases
from 24.8% to 35.6% when N is increased from 256 to 500 at
constant thermodynamic conditions (runs 1 and 9).
Finally, in Table V we show the behavior of the specific
heat, isothermal compressibility, and thermal expansion co-
efficient, which were computed via the following equations

+ error

7135

TABLE V. Specific heat, isothérmal compressibility, and thermal expan-
sion coefficient calculations.

Run N T* V*N N, c* K* at
1 256 0923 1.1636 77  1.5456 0.3119 02197
2 256  0.861 1.1636 77  1.5292 0.3297 0.2498
3 256  0.801 1.1636 77 1.5446 0.3699 0.2518
4 256 0930 1.1636 64 1.5481 0.3097 0.1992
5 256 00934 11636 51  1.5508 0.2825 0.2129
6 256 0913 1.1636 38 15512 0.2811 0.1815
7 256 0974 1.1636 77 1.6326 0.1815 0.0863
8 256 0.975 1.1636 77 1.5655 0.2399 0.1526
9 500 0930 1.1636 150 1.5562 0.2740 0.2063
10 256 0974 1.1636 51  1.6326 0.1817 0.0863
11 256 0974 1.1636 38 1.6326 0.1818 0.0864
12 256 0974 1.1636 26 1.6326 0.1818 0.0864
((N)=NL™"):
C T*)2
c::E_”=__(__>—2-—, (24)
kK (N)Y{(8T*)?)
K'__GZZKT_ K;' (25)
T= = ’
% PHNNTY)
€0 K (8T*5P*%)
at= 2P = z (26)

kK pHNXT*H(ETYY)’
where, in all cases, (T *) = T* (P*) = P*andK 7 has al-
ready been defined. We thus conclude by emphasizing that
the same principles and methods that underlie the well
known fluctuation interpretation of C,, K, and a, can be
successfully applied to the computer study of partial molar
properties in both binary and multicomponent mixtures, a
hitherto unexplored approach.

CONCLUSION

A given partial derivative is amenable to a variety of
fluctuation-explicit operational definitions. The possible
number of such operational definitions is at least as large as
the corresponding ways of defining the extent of the region
of space (subsystem) over which fluctuations are measured
or calculated.

Operational definitions of thermodynamic derivative
properties in terms of constant volume fluctuations can serve
as a basis for binary and multicomponent mechanical partial
molar quantity computations within a (,U,¥) molecular
dynamics simulation. In the case of partial molar volumes,
this method gives excellent results at finite solute mole frac-
tions and requires one simulation per data point. Partial mo-
lar energy and enthalpy calculations are not exact. Contrary
to the volumetric expression, the corresponding energy
operational definition does not incorporate the homogeneity
constraint ( Euler’s theorem).

Work has recently been completed'® on the derivation
of a fluctuation-explicit operational definition for U; which
incorporates the homogeneity constraint while at the same
time being amenable to algorithmic implementation.

The distinguishing feature and main advantage of fluc-
tuation-based methods is the variety of possible operational
definitions corresponding to a given derivative property. In
this paper we have explored the use of control volumes with-
in a deterministic algorithm. Many other possibilities exist,
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the recently proposed'® constant component mass method
being but one example. We believe that fluctuation-based
simulations combine theoretical challenge, computational
interest and practical implications (i.e., the molecular-based
study of nonideal mixture thermodynamics) to an uncom-
mon degree.

APPENDIX: THE PARTIAL MOLAR ENERGY
OPERATIONAL DEFINITION

We outline and correct a derivation originally presented
elsewhere.'® We start by writing

= au
= _dN. - T
au ,-;1 Ui dN: + (6T)P,N.-~-N,, d
+ V(PKy — Tap)dP (A1)

and, therefore, with j = 1,...,n, we have

- _ /ON.
@), oege)
ON; /v Z  \ON; Jrvun

+ V(PK; —Te, )(i) (A2)
N, /vy
which can be regarded as a system of n equations in »
unknowns (ﬁj ). The coefficients in this system of equations,
namely, K, a,, and the three partial derivatives can all be
expressed in terms of constant volume fluctuations’!!

(a_U) _ Jovon) U(SN’? , (A3)
IN; Jrvuin  ((8N))?)
(NpKr=BIBIV/ 3 3 x%|Bly. (Ad)
i=1j=1
(f’i) _onon) )
ON; Jryuin  ((BN;)?)
kT2
" TN (ST (A6)
(N){((81)%)
( . ) = (A7)
ON; Jrvuyn  ((6N;)?)
(N)K(8TSP)C,
P= T,:Tz : (A8)

({ND) + (NL))2L((BN,)?) ((8N,)?) — (6N,6N,)*]

where |B | and |B |; have already been defined.

Substitution of Egs. (A3)-(A8) into Eq. (A2) leads
straightforwardly to Eq. (7) which allows the solution of the
linear system for the unknown ﬁl (j=1,..,n) in terms of
constant volume fluctuations.

Equation (A1) imposes no constraint upon U and N:
the homogeneity condition U = ZN,U, is obtained only
upon Euler integrating® this differential relationship. The
resulting fluctuation-explicit operational definition for U,,
accordingly, contains no information on U and N, and does
not satisfy the homogeneity condition identically.

We now address the fluctuation-explicit operational de-
finition for K. Equation (A4) is simply the Kirkwood-Buff
relationship'’ for K it was used here with B, expressed in
terms of concentration fluctuations instead of pair correla-
tion integrals. We can, on the other hand, write®

ﬁ((aV)2>N, N, = VKT . (A9)

,,,,,

In the original derivation, ' the above equation, after combi-
nation with the (correct) relationship

(67 = /% (M), (A10)
yielded the (incorrect) equation B ((6N)?) = (N )pK;.
The subtle point here is the realization of the difference
between the ( )y and ( )y  n constraints. The former
merely specifies the total number of molecules; the latter, in
addition, imposes the composition. Both constraints are of
course identical for a pure substance. In the case of mixtures,
however, Egs. (A9) and (A10), though both correct, can-
not be combined, since

(BN £ (N y,m, - (A1)

.....

This difference is conceptually profound (as can be seen
from trying to implement the corresponding measurement
processes in thought experiments) but numerically unim-
portant since, in an equilibrium system, the constraints are
statistically (but never operationally) indistinguishable. To
illustrate this point, we compare below the values of
(N )pkT K calculated according to Eq. (A4) with the (in-
correct) value, namely, ((SN)?):

2
Run (VY ((BND?) + (N)Y(BN;)?) — 2(N, Y (N,) (BN ,5N,) {60
1 3.957 957 4,381 512
2 4.015 305 4.268 445
3 4.074 624 4.384 812
4 3.959 651 4,193 510
5 3.628 034 3.914 996
6 3.528 105 3.731 655
7 4,863 219 4,871 229
8 3.216 182 3.217 268
9 6.843 152 7.815971
10 4.867 757 4.871 229
11 4.870 396 4.871 229
12 4.871 167 4.871229
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Note the equality between both quantities for the trivial mix-
ture simulations (7,8,10,11,12), as demanded by the above
discussion. Partial molar energies and enthalpies computed
via the (incorrect) relationship B ( (S N)2) = (N )pK were
always within 19 of the “correct” values computed via Eq.
(A4).
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