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There is a univocal correspondence between each of the (n 4+ 2)1 stability coefficients of an n-
component system and mean squared fluctuations of Gibbs-space variables (entropy, volume,
molecule number) in which the subsystem under study is defined through a single extensive
Gibbs-space variable (principal fluctuations). The relationship between principal fluctuations
and stability coefficients [Eq. (53)] is derived in this paper starting from the usual expressions
involving explicit calculation of the inverse of an (n + 1) X (# 4+ 1) matrix. A general equation
between higher order energy variations in fluctuating subsystems [ Eq. (22) ] is also derived. The
relationship between principal fluctuations and stability coefficients yields, as particular cases,
expressions which had been used previously for the limiting case of single-component systems, or

extended to solutions through heuristic arguments.

INTRODUCTION: THERMODYNAMICS OF
FLUCTUATIONS

In axiomatic thermodynamics, the equilibrium state at-
tained by a closed macroscopic system, in the absence of
external force fields or inertial forces, is fully characterized
by two nonconjugate properties and the masses of the differ-
ent components initially in the system. (This refers to a set of
postulates* among which we do not include a probabilistic
interpretation for entropy. In Callen’s approach,” expres-
sions for Gibbs-space variable fluctuations follow from an
additional postulate; we emphasize, rather, the relationship
between subsystem definition and stability coefficients.)
Specification of two conjugate properties (temperature and
entropy, pressure and volume, chemical potential and mole
number) can lead to ambiguities: the state of a unit mass of a
substance exhibiting density maxima is not uniquely speci-
fied by its pressure and volume in the region where density
maxima occur; no ambiguity exists, however, if a nonconju-
gate pair, such as temperature and volume, is selected.

In this paper, we will consider nonreacting, single phase,
multicomponent systems, with no internal barriers to the
transfer of mass or energy, or to the attainment of mechani-
cal equilibrium. At equilibrium, all intensive properties are
uniform throughout such a system.

This introductory section includes the use of a new rela-
tionship: Eq. (22); the thermodynamics of fluctuations is
discussed here at some length so as to make the overall treat-
ment consistent, and, as far as possible, self-contained.

The equilibrium states of a unit mass of an n-component
system can be represented as an (n + 2)-dimensional hyper-
surface (4, §, U, ¥,---V» _ 1 )» Where y; is a mole fraction, and
lower case denotes the specific value of an extensive property
(e.g., volume per molecule). If we consider, for pictorial sim-
plicity, a single component system, we can visualize the ener-
gy—-entropy projection of a constant volume intersection of
the three-dimensional (1, s, v) surface. This is shown schema-
tically in Fig. 1. Point a represents an equilibrium state: its
entropy (energy) is therefore a maximum (minimum) with
respect to possible variations at constant mass, volume, and
energy (entropy).
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For nonreacting, single phase, multicomponent sys-
tems, a nonequilibrium state corresponds to a nonunifor-
mity in some intensive property of the system. Because we
want to study the problem thermodynamically, we restrict
our attention to situations where local equilibrium can be
assumed: properties change over length scales which are
large compared with the molecules’ mean free path. We can
then divide the system under study into various subsystems,
each of which can be described thermodynamically.! We
represent nonequilibrium states> by weighing the properties
of each subsystem by the corresponding mass fractions (i.e.,
mass of subsystem/total mass). Points representing the var-
ious subsystems at equilibrium, therefore, lie on the surface
corresponding to the equilibrium states of the given system,;
their mass fraction-weighted center of mass lies outside the
surface, since it corresponds to a nonequilibrium state. If we
imagine, e.g., a density nonuniformity within a system of
given total energy and volume, we obtain a point such as b.

Thermodynamically, then, we study fluctuations by
analyzing the energetics of a change such as ab. A system
initially in a nonequilibrium “state” such as b will spontan-
eously and irreversibly relax to state q, if isolated. In the
limiting case of a reversible and adiabatic relaxation, the sys-

U
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FIG. 1. Schematic U-S projection showing isochore (line ac), equilibrium
states (a,c), reversible (b—c) and irreversible (b—a) adiabatic relaxation
processes.
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tem’s entropy is unaltered, and U, — U, is the maximum
work that can be obtained from this reversible relaxation to a
(different) equilibrium state (c). At constant total volume and
mass we can write, for small deviations from equilibrium,

_uz (ﬂ].) =T, (1)
S, —S, a8 /v

where T, is the equilibrium temperature of the system and ,
the number of molecules. Equation (1)! is central to the de-
velopments that follow, and relates the entropy change asso-
ciated with a given fluctuation to the maximum work obtain-
able from the corresponding relaxation.

The system under study (Z) can always be imagined as
being composed of a subsystem (o) which, because of fluctu-
ations, is not in equilibrium with the rest of the system (£2). It
is always possible to imagine () such that )30, although we
require that o be macroscopic.

If we interpret the second law as a nonstatistical postu-
late, a macroscopic fluctuation is impossible. We then “con-
struct” the nonequilibrium state (& ) from a small but macro-
scopic system (o) which is brought into contact with a much
larger system (€2) with different intensive properties (a). If we
impose the isolation constraint, relaxation will occur upon
elimination of the barriers separating ¢ and  {i.e., mem-
branes, rigid walls, etc.) in such a way that, as the ratio {}/o
becomes larger, the changes in {2 become smaller. We will
quantify the energetics of this effect later [i.e., Eq. (22)].

Consider areversible, isentropic process such as c—b, in
asingle-phase, multicomponent system. We are interested in
calculating AU* = U, — U,. Because the process is reversi-
ble and isentropic, we can write

AU =U,~U = —6W 2)

or, as we said before, A U represents the minimum work
required in order to bring about the change c—b (or the max-
imum work that can be obtained from the relaxation b—-c).
The energy change can be written as

AU=5U+%¥U+m. 3

- The linear term vanishes identically because ¢ is an equilibri-
um state. Third and higher order terms are negligible away
from limits of stability, therefore,

A U= =150 = J(82U° + 82U 9). @)
A relationship between §2U” and 62U will now be derived.

In general, we can write (with A denoting o or £}, and using
Einstein notation)

82U"=Ufj6X’-16X"- i=1,.,n+2), (5)
U UA(XA,Xzy 9 +2)—UA(SA Vl le )Nﬁ),
(6)
where
aut
vy =29 7
) ¢ & )
We introduce the notation
avu
&=(% ) ®)

where X [i ] denotes all X ’s constant except for X;. To illus-

trate Eq. (8), we write, e.g.,

=8=§&=1T, 9

=V=>&=—P (10)

X 2=N=&,.=n; (j=Ll.,.n). (11)
With the above notation, we consider the quantity

0
w2 [(200) ] ooy ono(ED)
AXFINOXY Jxindxis OXP)x (s,

(12)

where N ¢ is the total number of molecules in . X can
represent S ?, V%, or N (j= 1,.,n). IfX,#N,,

JED o
X5/ x1j) a" NOXI)]
where
x,=X,/N, (14)

i.e., an intensive property. If X;# N, then, the left-hand
side of Eq. (13} is equal to an intensive property. Because we
are expanding about an equilibrium state (c), all intensive
properties are identical in o and () at ¢. We now consider the
case X; = N, and write the generic mole fraction,

N/l
2 =N_’j" (15)
a 1—yp4
Gxs)y,, = 6
ING/nijy N
therefore,

v (Ges), = G
an X[j1 aN S“,V“,N“[j 1

3
=(1 —y‘})( ) (17)
a}"jl SeVONe[ ;)

which is also an intensive property. Therefore, it is always
true that

NOUJL =N°U3,. (18)
The c—b process takes place at constant total mass, entropy,

and volume, therefore, we can write, for nonreacting sys-
tems,

X {6X 5 =6X 16X Y
so that, finally
U =8U°+8U%= U7bX76XS + ULSXP6X S

(19)

= 6X§’6X‘,’(U;’j + % ;’,) = (1 + F)&’U", (20)

or, in other words,
N°8°U° = N%*U*". 21)
Equation (21) is a particular case of the general relationship

(Na)m—lamua___(_ l)m(Nn)m——lamUn’ (22)
where m is any arbitrary integer; Eq. (22) is derived in Ap-
pendix A.

J. Chem. Phys., Vol. 84, No. 3, 1 February 1986

Downloaded 20 Jul 2006 to 128.112.35.75. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



1780 Pablo G. Debenedetti: Fluctuations in multicomponent systems

The minimum work required in order to bring about a
nonequlibrium state isentropically, starting from equilibri-
um, is then a second order quantity (and therefore the same is
true for the maximum work that can be obtained from a
relaxation when the latter is constrained to be reversible).

We now return to Eq. (1) which, in the light of the pre-
vious developments, can now be written

TS, —8,)= U, — U, =}(1 + N/NO&U°,  (23)

where T, characterizes Q, which acts like a reservoir in the
limit N ®» N ¢ for which T, is unchanged. The fluctuation
a—b has an associated probability of occurence®

p ~ exp[ (S, —S,)/k ], (24)
therefore, ‘
~ exp| - B {1+ )]
~ —{14+=—=—|8%U"|, 25
p~exp| - £(1420 25)
1
p= kT,

The factor (1 + N°/N ) becomes unity in the limit we are
considering (N °<N ®, for which B becomes a parameter
characteristic of the reservoir); it will therefore not be in-
cluded in what follows. In addition, we note that its presence
would merely give rise to the following positive multiplica-
tive constants, all of which approach unity in the above men-
tioned limit: (1 + N°/N®)*+1D/2 [the right-hand side of
Eq. (28)], and (1+ N°/N®)~! [the right-hand side of
Egs. (29)-(31)] (see below). We therefore write, for 0<(Q,

P~ exp( _B 822U"). (26)

This is the fundamental equation of fluctuation theory.'

The mathematical conditions under which the quadrat-
ic form 82U loses its positive—definite character are the crite-
ria of stability (or stability coefficients). In fluctuation the-
ory, on the other hand, we are interested in determining the
average magnitude of fluctuations of thermodynamic quan-
tities about their equilibrium values. The connection
between the two approaches lies in the general relationship
between fluctuations of Gibbs-space variables (S, V, ;) and
stability coefficients. We will derive this relationship below,
for an arbitrary n-component mixture.

If we are to study fluctuations occuring in o, we must
first define o. In the present context, this means that some
arbitrary extensive property is fixed, and we study fluctu-
ations in thermodynamic properties occurring within this
arbitrarily defined system. For example, o can be an arbi-
trarily defined region in space, or a system containing a given
number of molecules. Other definitions are obviously possi-
ble, and will be discussed below (see the Operational Defini-
tions section). What is important here is that, in defining o,
we are fixing the value of one of the » 4 2 Gibbs-space varia-
bles. Therefore, U° is now effectively a function of n + 1
variables, since one of them is not allowed to vary and all
partial derivatives are at constant X, _ ,. It is clearly mean-
ingless to speak about fluctuations within an undefined sys-

tem.

We have used classical (axiomatic) thermodynamics as
far as possible [i.e., up to Eq. (24)]. The position of fluctu-

ation theory vis-a-vis statistical mechanics and axiomatic
thermodynamics deserves further attention. Fluctuations
can, of course, be studied from a purely statistical perspec-
tive. On the other hand, although thermodynamics provides
a useful theoretical framework, there are two important
qualifications that must be taken into consideration. In the
first place, the probabilistic interpretation of entropy [from
which Eq. (24) results] is extraneous to axiomatic thermo-
dynamics. In the second place, we are restricting our analy-
sis to small fluctuations: this requires that we consider cases
where AS /S is small. In axiomatic thermodynamics, how-
ever, the denominator (S) is completely arbitrary, and only
the numerator is determined for a process such as a—b. The
concept of a small fluctuation, therefore, is undefined in axi-
omatic thermodynamics.

Superscript o can be dropped from Eq. (26): the choice
of o is obviously arbitrary. For macroscopic systems, fur-
thermore, the equilibrium state is overwhelmingly probable:
this implies a sharply peaked fluctuation distribution func-
tion; because of this, we can write, with vanishing error in the
thermodynamic limit

o0 (-3 l
1=af .. — Ly sxex,
f_w f_we"p[ kT, O ’]
Xd (6X,)..d (6X, , ) 27)

where A4 is a normalization constant, and X, , , does not
vary. Equation (27) signifies that fluctuations are distributed
according to a multivariate Gaussian. From this we can at
once write the following relations, which we give without
proof (see, for example, Ref. 1):

A=(B/2mn+V2D112, (28)
<6§i8§j) = kTODij’ (29)
(66:0X ;) = kTob,;, (30)
(6X,8X ;) =kT,D; ", (31)

where £; has already been defined, §;; is Kronecker’s delta,
and D, D,;, and D;; ' denote, respectively, the determinant,
(ij )th element, and (7, j )th element of the inverse of the
matrix

B Ull Ulz---
U21 U22--.

Ul.n+1

UZ.n +1

Un+l,n+l_

_Un+1,1 Un+1,2

— a(§19--',§n+ 1)
A (Xpyr Xy y)

where all partial derivatives are at constant X, |, ,. We define
(6X?) as a principal fluctuation, that is to say, a mean
squared fluctuation of a Gibbs-space variable within a sub-
system whose extent is defined by one and only one variable
(X1 2)-

+We note that the X,’s can only be Gibbs-space variables,
since these constitute the only nonconjugate set of extensive
properties in terms of which U is uniquely defined, and the
fact that the X’s are extensive has been used in Eq. (19). The

(32)
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ordering of the X,’s, on the other hand, is obviously arbi-
trary.

PRINCIPAL FLUCTUATIONS AND STABILITY

Before proceeding with the discussion of the general re-
lationship between principal fluctuations and stability coef-
ficients, we recall that, for an n-component mixture, the sec-
ond order partial derivative

() (28
' btnXar2 \OXKZ. | Jegux,.,
©(33)

b

aXn+l
where
FI=NE £y Xy 13 Xy 2) = — Zléx.- (34)
and
$9 =UXy, X, 1 2)=U(S, V, Nppootw N,) (35)

is called a stability coefficient, and is of central importance in
the theory of thermodynamic stability. In the above equa-
tions, ¢ is the nth Legendre transform of the fundamental
equation in its energy representation, or, more appropri-
ately, the nth Legendre transform of the system’s energy.

Stability coefficients are positive for stable or metastable
states, and vanish identically at the limit of stability. Because
(n + 2) variables can be ordered arbitrarily, there are (n + 2)!
equivalent stability coefficients which vanish simultaneous-
ly at the limit of stability. As an example, the six criteria for a
pure substance are

1781

(-‘3-”—’) <o. @1)
aV wS

In this paper we do not derive the theory that leads to
Eqgs. (36)-(41); a thorough discussion can be found else-
where.* We emphasize that although each stability coeffi-
cient is expressed in terms of different thermodynamic varia-
bles, they all vanish simultaneously along the limit of
stability locus (i.e., the spinodal curve); in this sense, stability
coefficients merely express the same fact in terms of different
variables: this will be shown to be rigorously true when we
discuss the connection between principal fluctuations and
stability coefficients.

We will now derive the following relationship between
principal fluctuations and stability coefficients in an n-com-
ponent mixture:

kT,
86X, . 1) = 0 .

(( ”+1) )Xn+2 (a§n+1/aXn+l)§u—'§mxn+2

In Eq. (42), subscript X, , , on the left-hand side denotes
the particular extensive variable whose constancy defines o.
Although Eq. (42) will be derived mathematically, and is
therefore of general validity, some choices of X, , , give rise
to operational definitions of principal fluctuations that have
an immediate physical interpretation, whereas other choices
define principal fluctuations that can be calculated but not
directly measured. We will discuss this below (see the Oper-
ational Definitions section).

To show the general relationship between mean squared
principal fluctuations and stability coefficients, we first write
the general stability coefficient as a ratio of Jacobians,

a§n+1

(42)

apP (n) - ( )
(EF/:)T,N <0, (36) e berd aXn+1 Er>EnXp 42
(@‘) >0 (37) _ 0k V0K K1) g
ON/rv &by )/3( Xy, X))
( ar ) ) (38) Equation (43) can be derived via a diagonalization pro-
aS/en" cedure® based on successive applications of chain rule
(a_'u) >0, (39) a(gl""agn) - 9(§1,..-,§,,) . a(é‘lr-"’gn—l’Xn).
'f;;" ps Xy X,) OErkn_1:Xn)  Xppeo X,) "
(-é—s-)ﬂy >0, (40) . Equation (44) can be rewritten as follows:
)
1 0.......... 0 0
0 1.......... 00
0 0.......... 1 0
(35,. ) (35,. )
351 Eaveeslm — 1Koy X, w2 T aXN im0 X, +10 Xy 2
(& rpensln— 1K, 2, (& rsesbn_ 15K,
ks 1x>=(§) R A ) 4s)
aXn v — 1 X 4 10X 42

(XX, )

(X sy X,y )

J. Chem. Phys., Vol. 84, No. 3, 1 February 1986

Downloaded 20 Jul 2006 to 128.112.35.75. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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where constancy of X, , , and X, , , in the partial derivatives follows from the fact that ¢ is a function of (n + 2) variables al-
though not all of them are free to vary (see above). The numerator and denominator of Eq. (43) can therefore be expressed as

a(gv---,fn... 1 )/a(Xl,..., Xn+ 1)
(IR 20 V{1 0. CHRND. 69
_ (06, .1/0X, 1), £ X t2 (9€,/0X,)e,,.. 5"-"x"+l’xn+2"'(a§1/aXl)Xz,....X,,+z
- N AR A

This completes the first part of our proof. We will now show the relationship between mean squared fluctuations of Gibbs-
space variables (S, ¥, N;,...,N;) and stability coefficients. To this end, we write Eq. (31) for the case i =,

((6X )y, , =kTDj;! (47)
or explicitly,
Ui Ul,j—l Ul,i+ 1o Ul,n+1
Uj—l,l"‘ Uj—l,j—l Uj—l,j+l"' Uj—l,n+l
Uj+l.1"' Uj+1,j—-l Flj+l,j+l .L,j+l,n+l
U,y A Uijore Upiim
((5Xj)2)=kTo n+11 +1,j—1 +1,j+1 +1n4+1 . (48)
Ull Ulz ------------------------------------------------- Ul n+ l
U2] U22 ------------------------------------------------- U2 n + l
U’l+ ‘.l Un+ 1’2 ------------------------------------------- Un+ l,"+l

We will now prove that the ratio of determinants in Eq. (48) is the reciprocal of the corresponding quantity in Eq. (43).
We first reorder the (n + 1) variables, and establish the following correspondence between the ordering indices:

oid t]z] - |j—1|j+1| w | n+1] |n+2
Reordered [t ]2 ] FESER | 7 |n+1t]a+2
which simply defines an index relabeling operator. We denote this operator by g, and write, formally,

4
i{old) — & (new). 49)
It is easy to see that, when acted upon by g, the numerator of Eq. (48) becomes
Ui Ui Ui jsree Uiwin Ui U, U, U,
Uj— 1,10 Uj—- Lji—1 Uj— Lj+ 1 Uj— Ln+1 & Uj— Ll UJ'— Lj—1 Uj—lyl"' Uj— Ln
= , (50)
Uisin Ujrrj—r Usirjer~ Ujpini Ui Ui\ Ujj- Uin
Uisrnr Uninjcr Usprjrr Unirnan U,,.. U, U, U,,

which we recognize as the denominator of Eq. (43). The denominator in Eq. (48), on the other hand, is transformed by g as
follows:

Ull"' Ul,j—l Ul,"+1 Ul,j"' Ul,n
Uy Uy 1 Uppis U, U,
Uu Uy Uln Ul,n+l : H : : .
U, U.
Ua Uz 2n 2n+1 g Ui_iper Ui Uiciner Uiy, Ujisia 51)
. H . H —
* ° ’ . Un+l,1"' Un+ 1,j—1 Un+l,n+l Un+ 1, Un+ 1,n
U, Uy U, U, 1
nl n2 nn nn -+ Uj,l Uj,j— 1 Uj,n 1 Uj,j"' Uj,n
Un+ 1,1 Un+1,2"' Un+l.n Un+l,n+1 H . . H
Unl Un,j—- 1 Un,n +1 Unj"' Un,n

We emphasize the fact that, in Egs. (50) and (51), the left-hand sides refer to second order partial derivatives with respect
to variables labeled according to the “old”’ convention, whereas the right-hand sides contain exactly the same derivatives, but
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the variables have now been relabeled according to the “reordered” convention.

The reordered determinant [the right-hand side of Eq. (51)] is identical to the numerator of Eq. (43). This can be seen by
noting that its jth column (with elements U, , , , ) can be moved to the last position, and becomes the (n + 1)th column, through
(n — j + 1) successive column interchanges, each of which merely changes the determinant’s sign. Similarly, the jth row of
this partially transformed determinant (with elements U, ., , ;) can be moved to the last position, and become the ( + 1)th row,
through (n — j + 1) successive row interchanges, each of which merely changes the determinant’s sign, so that, after

(n — j + 1) column and (n — j + 1) row interchanges we have finally,

which completes the proof. Both determinants in Eq. (52)
now refer to variables labeled according to the reordered

Ui,... UsLj-1 Uinin U, ;.. U, . Uyy... Uj-1 Uy o - Uia Uinin

U,,... Usj Uy, U, - U, Uy Ui Uy Usn Uz

Uj— 1,1+ Uj— 1,j—1 Uj— 1,n+1 Uj-— 1, jour Uj— Ln | _ Ui—l.l“' UI— Lji—1 Uj—l.j‘" Ui—l.n Uj—-ln+1

U,, + L1 Un +1L,j—1 Un +1,n+1 Un + 1, 0 Un +1,n Ui-l Uj.j~ 1 Ui»j"‘ Uj»n Uj,n +1

U .. U, Ujnit U, ;. Un : : : : :

: : : : : Uni . U, U, - Upn Upn+1

Uu,.. U, 1/ U, - U,. Uiitiee Uninjor Uninger Uniin Uniina
(52)

r

study fluctuations occurring within a fixed region in space.
As an example, for a ternary mixture, we write

convention. The relation we have just proved can therefore kT,
. e . 2 (1]
be written, in its most general form, as (88%)y = ) (54)
56 » (3T /38) 4y v
n+1
Bt Pr, =41 (3255) ] (=D (55)
n4+1/61*5min 2 (a,ul/aNl)T,pz,#yV.

where the same ordering convention now applies to the left-
and right-hand sides.

Through Eq. (53), then, we can calculate fluctuations of
entropy, volume, and molecule numbers in multicomponent
systems, corresponding to situations where the subsystem
under study is defined by its entropy, volume, or molecule
number of a specific component. For any mixture there is a
one-to-one correspondence between these fluctuations and

with analogous expressions for N, and &;. To obtain expres-
sions for principal fluctuations, therefore, we simply order
the (n + 2) variables in such a way that the quantity of inter-
est is the (n + 1)th variable; with the (n + 2) variable fixed,
the n remaining variables can be ordered in any one of n!
equivalent ways. Thus, to obtain Eq. (54), any one of the
following ordering conventions applies:

stability coefficients. Equation (53) allows the calculation of NiN:N,SV,

Gibbs-space variable fluctuations without inverting a matrix N N,N,SV,

[Eq. (31)] and thus reduces the number of partial derivatives N,N,N,SV,

to be computed from (n + 1){n + 2)/2 to one. (56)
At limits of stability, principal fluctuations diverge, and N2NN,SV,

stability coefficients vanish, but the quantitative accuracy of N,N . N,SV,

Eq. (53) breaks down, since the situation for which it was N,N,N,SV.

derived (small fluctuations) no longer applies.
The denominator of Eq. (53) is obviously a second order
partial derivative of a potential function with arguments

It is easy to verify that Eq. (53) reduces to the familiar expres-
sions for entropy and concentration fluctuations in a single-
component system:

&1—E, X, + 1,X, + 2, With respect to X, ;. We can regard
this as an appropriate free energy, in which case we recover, T kT,

. . (6SY)y = ey (57)
among the many particular cases, the form of the expression (0T /3S ), v
used by Tolman,® who extended Einstein’s work on critical ‘ kT
opalescence’ to concentration fluctuations in solutions. Tol- (ONPYy =—-2—. (58)
man argued that, in this case, the fluctuating subsystem (Ou/N )z,y
should be represented by a grand canonical ensemble, thus  If we define o in terms of N, we obtain
imposing (and not deriving) the T, ¥, i, constraints a priori: ) kT,
his result is Eq. (63), a particular case of Eq. (53), which (6SVIn = GT/es) (59)
provides a rigorous definition of the appropriate “free ener- BN
gy” in all cases, and shows explicitly the correspondence (BVP)y = _ﬂ_ (60)
between principal fluctuations and stability coefficients. (OP/3V )rn

A constraint that gives rise to fluctuations with an ob-
vious physical interpretation is X, , , = V. In this case, we

Equation (60} gives an expression for the fluctuations in
the volume occupied by a fixed number of molecules: an
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operational definition will be discussed below (see the Oper-
ational Definitions section). If o is specified by S, we have,
for a single-component system,

2y __ —kTp

(BV))s = @P/oV),s (61)
2 _ kTO

(ON))s = ——(ap/azv),,_s : (62)

The denominators in Egs. (57)(62) are the stability coef-
ficients for a single-component system [Egs. (36)—{41)], as we
explained in deriving Eq. (53). Thus, the vanishing of a stabil-
ity coefficient and the divergence of its associated principal
fluctuation are one and the same thing. As a further exam-
ple, we consider binary mixtures, for which we write

(6N )y =@¢/§TT) (63)
(6N P)s =-@/’;—;)— (64
(BN )y, = ﬁ;—’;—, (65)
BV N, = -(EP_/‘—?%V.—’ (66)
(6V s = (—é,P—/;—’;—)T— (67
(8S Py, = m’%—N (68)
(BS¥)y = ngy—mj (69)

Equation (65) should be compared with the expression de-
rived by Landau and Lifshiftz' who write

kT,
(O 1/ON))z,p

It is obvious that the above equation corresponds to the
constant N, constraint. Thus, Eq. (53) allows one to obtain
expressions for principal fluctuations in a completely gen-
eral way, and includes, as special cases, relationships which
had, up to now, been derived on a heuristic basis.

(6N, =

OPERATIONAL DEFINITIONS

Having derived a general expression for principal fluc-
tuations, we now address its operational implications.

We first consider volume fluctuations in a single-com-
ponent subsystem (o), the extent of which is specified by the
number of its molecules. What is being calculated in this case
is the variation in the volume occupied by N molecules. This
quantity will fluctuate about a mean value, given by

N
pToPo)
where T, and P, are the temperature and pressure of ().

Because we describe o thermodynamically, we require
that appropriate statistical averages be defined in 0. In parti-
cular, the distribution functions must be continuous. We
consider, for convenience, u space (a six-dimensional hyper-
space), where fis defined

(V)= (70)

d N =f(r,v)dr dv (71)

and we require that f be continuous. This means that
dr; (i = 1,2,3) must be large compared with the average in-
termolecular separation, or, in other words, that the volume
element dr must contain a large (in the thermodynamic
sense) number of particles [v in Eq. (71) is a velocity vector].

We will determine below an appropriate size for dr. An
operational definition of volume fluctuations requires that
we record the volume occupied by N molecules in units of dr.
The time dependence of this quantity will have an appear-
ance qualitatively similar to the one exhibited by Fig. 2, from
which a mean squared fluctuation can be computed.

To calculate dr, we start by writing

__kr _ ¥V (72)
@P/3V)ry N’

where the last equality is valid for ideal gases, which we
consider in this example. It follows at once that

((6V)2>1/2 _ 1

(VP = —

73
V) VN 7
and we require that
dr 1
— g — 74
G 74

In order words, the discretization error should be small with
respect to a relative fluctuation, an obvious requirement in
view of the fact that we want to measure fluctuations. Again
using the ideal gas law, we write, finally,

dr < (kT /P}N. (75)

For T=300 K, P~ 1 bar, and N= 10 (that is, o is, on aver-
age, a cube of 0.75 mm per side), Eq. (75) yields the criterion
dr € 4X 1072 cm®. Thus, for a negligible error (say, less
than 1 in 10°), we discretize space in units of 4x 10~'* cm®
(@~1.6X10? A cube), which on average, contain ~ 10° mol-
ecule each. We then have dr/(V)~10"", but
N-— 1/2 _ 10——8.

For multicomponent systems, the operational defini-
tions of volume fluctuations which we have just discussed is
also applicable to the X, , = N, constraint. In this case we
simply compute the time dependence of a volume containing
N; molecules of the ith component.

\J #\/ \\/Pﬂ

TIME

NUMBER OF UNIT CELLS

FIG. 2. Volume fluctuations within a closed system.

J. Chem. Phys., Vol. 84, No. 3, 1 February 1986

Downloaded 20 Jul 2006 to 128.112.35.75. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



Pablo G. Debenedetti: Fluctuations in multicomponent systems 1785

An operational definition for molecule number fluctu-
ations is also easy to visnalize for different choices of X, _ ,:
if o is defined by its volume, this corresponds to concentra-
tion fluctuations, in both single and multicomponent sys-
tems. What is measured in each case is the time evolution of
the number of molecules occupying a given region of space.
IfX, ., = N,, this corresponds to measuring the time evolu-
tion of the number of molecules of a given species j (5 i)
within boundaries which contain, at all times, N, molecules
of species i.

Whereas volume and molecule number changes can al-
ways be measured, entropy changes can be calculated but
not directly measured. Thus, we calculate entropy fluctu-
ations within a closed subsystem from measurement of the
specific heat [Eq. (59)]. We can still discuss operational defi-
nitions for entropy fluctuations; as we shall see, however, the
accuracy of the (hypothetical) measuring processes involved
is limited a priori by the uncertainty relationships (which is
not the case for concentration fluctuations), and the charac-
teristics of the thought experiments are fundamentally dif-
ferent due to the fact that entropy (contrary to volume or
mass) is not defined instantaneously.’

For a closed (X, ,, =N) subsystem, the operational
definition of an entropy fluctuation is a thought experiment
involving knowledge of the positions and momenta of the N
molecules (to within the accuracy allowed by the uncertainty
relationships) at a given instant, and assignment of the point
representing the configuration to one of the hypercubes of
volume (#)*" into which we divide I space (a hyperspace
with 6/ coordinate axes, corresponding to 3N positions
and 3N momenta). #' is a dimensionless # [scaled with
A (mkT)1/2, where A is a characteristic length, for example,
the mean free path: this allows the sides of the (dimension-
less) hypercube to be of the same size, namely, (#)'/?].

‘The subsystem’s entropy is defined only for times (7)
greater than both the position and momentum relaxation
times.! The former corresponds to the deterministic (para-
bolic) portion of a mean squared displacement-vs-time
curve; the latter can be taken as the duration of the interval
during which a Maxwellian distribution is established fol-
lowing a perturbation (for example, relaxation from an ini-
tial nonequilibrium unimodal distribution ). The above men-
tioned process is repeated over a total time ¢~ 7 (typically
several hundred collision times), at intervals of order 7 #"/
AE'’, where AE’ is a dimensionless energy uncertainty
(BAE), #i" adimensionless #:(#i/7kT '), and At ’, a dimension-
less time, is defined in such a way that AE’ = At’ = (#")"/2
The logarithm of the resulting number of distinct (i.e., be-
longing to different elementary hypercubes) configurations
is the “instantaneous” entropy, in units of k. The process is
then repeated to obtain different readings of the instantan-
eous entropy: an entropy fluctuation can then be computed.

The implication here is that, at f ~ 7, the subsystem has
sampled a considerable part of the region of I" space corre-
sponding to the given energy, or, in other words, that the
contributions associated with ¢ > 7 are small due to the fact
that S is proportional to the logarithm of I'-space volume.
That this is so cannot, of course, be proved, but follows from
the empirical fact that bulk properties of stochastic (irrevers-

ible, probablistic) significance, such as diffusion coefficients,
are defined and measurable on the picosecond (fluid systems)
time scale. That the conceptualization of an operational de-
finition for an entropy fluctuation requires a much higher
level of abstraction than is the case for concentration fluctu-
ations is a consequence of the fact that entropy is not only not
measurable, but also undefined instantaneously.

CONCLUSION

Equation (53) summarizes, in a completely general way,
the relationship between principal fluctuations and stability
coefficients in multicomponent systems. All Gibbs-space
variable fluctuations (S, ¥, N;) diverge on spinodal surfaces.
The different expressions for the stability coefficients corre-
spond univocally to fluctuations of different Gibbs-space
variables, under different constaints.

The subsystem under study is always defined by specify-
ing one (extensive) Gibbs-space variable. This gives rise to
principal fluctuations which are always mathematically de-
fined, although it is not always possible to interpret the mea-
suring process through an operational definition.

APPENDIX A: DERIVATION OF EQ. (22)
We first write, for a generic system (o, §} omitted), with
m any arbitrary integer

Nm_lUn

ij.p

a m -
=Na—Xi[N 2Ujk...p]xli]

N\
— -2 m—2U el ,
(m W jk...p(aXi )X“]

(A1)
where (i, f ,...,p) are m variables, and (j ,X,...p), m — 1 varia-
bles. Equation (A1), then, relates each term of N™ ~ 16™U to
aterm of N™ ~286™ ~'U. It is easy to show that the quantity

da
N(———) —
aXl' X[i)

is always intensive, if  is intensive. Again X, can be S, V, or
any N; (j=1,..,n — 2). In the former case, we write

f(&), (),
ax; XI[i) ox; X[i}

where x; = X,/N. This is obviously an intensive quantity (if
a is intensive). In the latter case,

da da
(&), =00
dX; XI[i] oy, Xl

which, again, is intensive if & is so.

Returning to Eq. (A1), we note that the derivative (3N /
dX;) in the right-hand side is either 0 (X; =S or V) or 1
(X; = N,). Therefore, if N™~2U Jk..p 18 intensive, it follows
that N™~'U,, , must also be intensive. But we have shown
[Eq. (18)] that NU,; is intensive, so we reach the important
conclusion that the quantity N™ ~'U,; ,, where i, j,...,p) are
m variables, is always intensive.

To arrive at Eq. (22), we write, in Einstein notation,

(Ney=16™"U° = (N°)"~ ‘U;.’j_npéX;’:SX‘J’-...EXZ (AS5)
and, because 2 ( = o + (1) is mgintained at constant, S, V,

(A2)

(A3)

(A4)
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N;, and no chemical reaction occurs, we have

SX76X5..6X = (—1)"6X 86X ..6X}. (A6)
We now use the fact that N~ 'U,, , is intensive (and there-
fore equal in o and € at equilibrium, about which we are
expanding), and substitute Eq. (A6) into Eq. (A5), to obtain
(Ny"—1mU°=(— ) (N~ U, ,6X 76X T..6X 5
which, in more compact form, reads

(N —16™U° = (— 1"(NY"~16mU . (A7)
This is Eq. {22) and completes the proof.

APPENDIX B: CONSISTENCY

To check the thermodynamic consistency of Eq. (53), we
focus our attention on a single-component system, and we
define o by the number of molecules it contains. Then Eq.
(53) immediately yields

(6 )y = Nke, (B1)
which provides a relationship to calculate entropy fluctu-
ations in closed subsystems. We will now show how this
result can be derived in a way that emphasizes the thermody-
namic consistency between Egs. (29), (30), and (53). At con-
stant N, we have

ds=-1Y§"—dT (‘;;) ap, (B2)
@Sy = [NZ( )(dT)’ (ZV) (dP)?
-2 (%) arar) o)
wesiy = [v(2) wrry + (25 eppy
2CTN (g V) (5T6P)] (B4)

or using Eq. (29},

sy = [v(2) A (§7) wr(55),

2EEEL e
We also know that
(), .- -3,

(5 (1), - (), o

which we can substitute into Eq. (B5) to obtain

s = e, (2) 47 () (57),

+ 2Nk (c )(c —c,) (B8)

We now use the relationship

aP ap) ( 6P) (aT)
=) == B
(aV)s (aV T + av (B9)
(constant N implied) and substitute into Eq. (B8), to obtain

(8BS )y = Nke, (2 ~ z—")

v

~1(5) 1), + .5,

(B10)
which can be transformed, because of Eq. (B7), to read

(BSP)y = Nkc,,(z — z—") — Nk, —c,)

v

-+1(57).55).(50).

We transform the last term by noting that (with constant N
implied)

(B11)

7).~ ~G0.(%)
(BV s T /s\adS /v (B12)
which implies
(5).G0. &)~ - (F).3).5)
T /p\3T/v\3V /s aT/e\3T v
- - (_____c" - CP) N B3
T ¢,
or in other words,
(682 y = Nke, (2 - f&) — Nk(e, —c,)
cv
+ Nk(c,, —¢,)? = Nke, (B14)

which is identical to Eq. (B1), as it should be.

As a second consistency test, we consider the relation-
ship

(BNPYy =V (6pF) =p™ 6V )w (B15)
which, in an internally consistent treatment, we should be
able to derive from Eq. (53).2 We first apply this twice, to
obtain

6Ny, =—To (B16)
()
IN/ry
Vi — kT,
(BV))n = (a},) (B17)
aVirn
and we must therefore have, in the light of Eq. (B15),
o= — (aN) (BP) (B18)
u/r\aV/rn
To prove this, we write
dyu = —sdT + vdP, (B19)

(390 =) = ),

c?P) (aV) I(BP)
= - = (= 0
(aV .n\dN/r1p p*\aV/rn (B20)
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which is identical to Eq. (B18): Eq. (B15) is therefore satis-
fied identically [ the specific forms of Eq. (53) are thermody-
namically consistent].
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