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A kinetic theory of homogeneous bubble nucleation
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We present a kinetic theory of homogeneous bubble nucleation based on explicit calculation of the
single-molecule evaporation and condensation rates as a function of the size of the vapor embryo.
The surface condensation rate is calculated from the kinetic theory of gases, and the surface
evaporation rate is related to the rate of escape of molecules from a potential well in the field
established by the liquid—vapor interface. Equality of these rates corresponds naturally to the critical
bubble. While the interface plays a crucial role in this respect, the kinetic nucleation theory does not
invoke an explicit surface tension. The nucleation rate is derived from a population balance and
depends only on the ratio of the evaporation to condensation rates. In contrast to classical theory, a
nontrivial trend captured by the present theory is the increase in nucleation rate with decreasing
temperature at fixed degree of metastability. Comparison with classical nucleation theory reveals
markedly different supersaturation dependencies of the nucleation rate, while the predicted sizes of
the critical bubble are in good agreement. 2003 American Institute of Physics.

[DOI: 10.1063/1.1526836

I. INTRODUCTION While the conditions required for observing truly homoge-
_ o S neous nucleation seem far removed from those encountered
In spite of their importance and ubiquity, significant gapsin practice, homogeneous bubble nucleation can nevertheless
persist in our understanding of the thermodynamics and Kipe attained in carefully controlled experimehts represents
netics of metastable liquids. Consequently, fundamenta} fyndamental and reproducible relaxation mechanism char-

knowledge of technologically important phenomena ranging,cteristic of the liquid state itself, and it is on this phenom-
from crystallization and glass formatibio cavitatiorf and enon that we focus our attention in this work.

explosive boiling remains incomplete. The study of metasta- Here, we present a kinetic theory of homogeneous
bility in liquids can be approached either from an equilib-,ppje nucleation based on the original ideas of Ruckenstein
rium (statistical mechanicplor from a kinetic viewpoint. and co-workerd®26 who proposed a useful and insightful
Rigorous statistical mechanical studies of metastable liquidgjnetic approach to nucleation. We apply our theory to the
inevitably involve the imposition of constraints that maintain superheated Lennard-Jones fluid. The theory has two impor-
the liquid's state of metastability by preventing it from rans- ¢t features. The first is the explicit calculation of the rate of
forming into the stable phasé.®Kinetic approaches, on the escape of molecules from a potential energy well established
other hand, focus on the actual mechanism and rate by whigh, he interface between the emerging vapor embryo and the
metastable liquids undergo phase transitions. This papgfietastable liquid, and the second is the formulation of a
adopts the !attgr approach to study bubble nucleation in Suﬁopulation balance based on thecessnumber in the em-
perheated I!qwds. . bryo, defined as the difference between the number of mol-
Nucleation of vapor bubbles in a metastaliIper-  ocyjes in the embryo and number of molecules in a region of
heated liquid is an important yet incompletely understood e same size occupied by the bulk metastable liquid. The
phenomenon that plays a key role in a variety of technicallyeqry predicts, as it should, that the nucleation rate increases
relevant situations,  including cavitatién, cavitation it superheatingi.e., supersaturatiorat constant tempera-
° explosive boiling}™**sonoluminescenc€,and e while the size of the critical bubble decreases. An im-

erosion;
sonochemistry." Knowledge of this mechanism at the mo- portant nontrivial trend captured by the theory is the increase

lecular level is also key to reconciling major discrepanciesyt the nucleation rate with decreasing temperature at fixed
between theoretically predicted and observed limits of liquidyeqree of metastability, a result that classical theory fails to

superheatmjgr"'lﬁ and tgq3|or?:l7’18 In practical situations, regict. In addition, the predictions of the theory adhere to
bubble formation is facilitated by the presence of an externajy,, thermodynamic scaling laws originally proposed by
surface which usually takes the form of dissolved or susy;cGraw and Laakson&a for droplet nucleation, and re-
pended impurities or the walls containing the metastable "qbently extended by Shen and Debenedetor bubble for-

uid. This is referred to as heterogeneous bubble nucleation, s+ion. The format of this paper is as follows. In Sec. II, we
In the absence of such heterogeneities, formation of the Vg;qide a brief overview of theoretical approaches to the
por phase must take place entirely within the bulk metastablgy, gy of homogeneous bubble nucleation. In Sec. IlI, the
liquid, and this is called homogeneous bubble nucleationheqretical formalism is presented. Results and discussion
are presented in Sec. IV. Finally, conclusions are presented in
3Electronic mail: pdebene@princeton.edu Sec. V.
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I. HOMOGENEOUS BUBBLE NUCLEATION: of the sharp dependence of the nucleation rate on this quan-
THEORETICAL APPROACHES tity. In so-called classical nucleation theof¢NT), 393!

: . hich has historicall ided th ical d ipti f
While homogeneous bubble nucleation has been recogﬁv 'ch has historically provided the canonical descnption o

ved f ; the fund tal hani b'ucleation phenomena, it is assumed that pre-critical and
nized for over a century as the fundamental Mecnanism by ;4| embryos are macroscopic and uniform objects pos-

Wh'Ch a s;perhes%ged I!qwd devk(]) id Off'mp#m'eﬁ tranSforisessing the properties of the thermodynamically stable phase.
Into a stable vapdt, a rigorous theory for this phenomenon Within the classical framework, the free-energy barrier

does not exist. Before presenting our approach, we rewevﬁeight for homogeneous bubble nucleation is given by
important developments in the theoretical study of bubble

formation. This discussion will introduce some of the subtle 1673
and difficult questions involved. WENﬁW* @
Thermodynamically, the reversible work of forming an
embryo of a new phase from within a pre-existing metastablévhere P is the pressure within the critical bubble,is the
one comprises two contributions. The first is associated wittpressure of the bulk liquid, ang is the surface tension,
the cost of creating an interface and is therefore proportionalhich is assumed to be the same as that for a planar liquid—
to the surface area of the developing embryo. The second Mapor interface. The predictions of the classical theory are
related to the thermodynamic driving force tending to loweronly qualitatively correct. Both the free-energy barrier and
the overall free energy of the System by forming the Stab|éhe size of the critical bubble are rlghtly predicted to diverge
phase, and is therefore proportional to the embryo volumeat phase coexistence, and to decrease as the extent of pen-
The competition between these two contributions gives ris@tration into the metastable region increases. However, CNT
to a critically sized embryo such that larger nuclei growapplies macroscopic thermodynamics to microscopic objects
spontaneously into the stable phase while smaller embrydée., pre-critical and critical nuclgiAccordingly, an impor-
shrink spontaneously and disappear into the metastable sdnt deficiency of this theory is its inability to predict loss of
roundings_ In generaL the Steady-sta’[e rate of nuc|edggn stability, that is to say a vanishing free-energy barrier. This
that is to say the number of critical nuclei formed per unitshortcoming is directly related to the use of macroscopic

time and volume, can be written in Arrhenius form thermodynamic argumentsin particular a size-independent
surface tension. Yet, despite its limitations, classical nucle-
—W* ation theory nevertheless provides a basic reference with
‘JSS:A'eXF{ ke T ) (1) which to compare new theories and interpret experimental
measurements.

whereA is a kinetic frequency factor that in general depends  In contrast to the classical theory’s continuum viewpoint,
weakly on temperaturel is the temperaturekg is Boltz-  statistical mechanical approaches address the molecular-level
mann’s constant, an@/* is the nucleation free-energy bar- description of nucleation. While most such efforts have cen-
rier, or the reversible work needed to form a critical nucleustered on droplet formation and crystallization, the theoretical
While Eg. (1) is consistent with the activated dynamics as-difficulties encountered are quite general in nature, and they
sociated with the above thermodynamic arguments, it caare directly related to the problem of identifying the emerg-
also be derived from a kinetically based population or masing embryo at the molecular level. An underlying construct
balance describing the change in the number of embryos adn statistical mechanical approaches to nucleation is the em-
clusters of a certain size with respect to time in terms ofbryo of the incipient thermodynamically stable phase or the
single-molecule evaporation and condensation events at tteo-called “physical cluster®*=3* The rationale behind the
surface. Because the rates of these molecular surface proencept of a physically consistent cluster is to provide a rig-
cesses, in particular the evaporation rate from a curved suprous microscopic definition of an embryo of the emerging
face, are generally unknown, equilibrium arguments are usuphase. This is necessary in order to enumerate those configu-
ally invoked to link the unknown evaporation rate to the rations that contribute to the system’s partition function, and
condensation rate, which is known from the kinetic theory oftherefore its free energy, which in turn enables the calcula-
gases. The resulting expression for the rate of nucleation thu®n of the reversible work of forming a critical nucleus. To
becomes a function of the equilibrium distribution of em- illustrate the difficulties involved, consider the simplest case
bryos in the metastable phase. The equilibrium concentratioaf droplet formation. In this situation, the intuitive picture of
of an embryo of a given size is in turn related through sta-an incipient liquid droplet forming within a supercooled va-
tistical mechanical arguments to the Boltzmann factor of theor is easy to envision, but identifying or characterizing such
reversible work associated with its formation. Notice thatan object given a snapshot of the metastable system is not at
this approach transforms the kinetic description of nucleatiorall straightforward. Similar difficulties exist in the study of
into a thermodynamic one, where the free-energy barrier isrystallization in a supercooled liquid. In the case of crystal
the crucial quantity controlling the rate. The theory presenteahucleation, such difficulties are compounded by observations
in this paper addresses this underlying problem directly, byrom simulatiori>3¢ and experimerif:*® which indicate that
calculating explicitly the rates of evaporation and condensathe crystal structure of the critical nucleus is not necessarily
tion at the embryo’s surface. that of the bulk stable phase. For the case of bubble forma-
Most theoretical treatments of nucleation have focusedion, a microscopic picture of an emerging vapor embryo,
on the thermodynamic calculation of the free-energy barriethat is to say one that is able to identify unambiguously
heightW*, an approach that is in principle justified in light which molecules belong to the bubble and which do not, is
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not easy to envision. Such a picture must reconcile the faatrystallization in the supercooled Lennard-Jones li§gid*
that a bubble is composed mostly of empty space, yet it alstorce the metastable system to traverse the free-energy bar-
contains mass. The corresponding difficulty in assigningier reversibly along a reaction coordinate by means of a
molecules to a bubble renders the microscopic study obiasing potential. Such an approach relies on the choice of an
bubble nucleation particularly challenging. appropriate order parameter. Early applications of umbrella
Nevertheless, because a bubble is composed largely smpling to study homogeneous bubble nucleation used glo-
empty space, especially at sufficiently low temperatures, &al order parameters to estimate the height of the free energy
significant contribution to the energetics of forming a critical barrier’>”® Using bulk density as the order paraméteit
bubble is associated with the work of forming a cavity. was shown that the calculated free-energy barrier agreed well
While cavity formation in stable liquids has been addressedvith classical theory for relatively small degrees of super-
in the context of solvation and protein foldiig;**compara-  heating and, in fact, vanished at the liquid spinodal. Assum-
tively less attention has been paid to it in the context ofing that a bubble was composed solely of empty space, the
bubble nucleation in metastable liquits.Recently, Pun- critical bubble was identified as a web-like, system-spanning
nathanam and Coffi have demonstrated by computer simu- cavity whose spatial extent decreased with increasing tem-
lation that cavities exceeding a critical size are able to destgperature. Although a global order parameter makes no as-
bilize the Lennard-Jones liquid under tension, causing it tsumptions about the shape or number of critical nuclei
undergo a macroscopic liquid-to-vapor phase transitionformed in the system, it is of course more desirable to use a
However, a vapor bubble is not composed entirely of emptyocal order parameter for such calculations because this pro-
space; it contains a small number of molecules that cannotides an unambiguous description of the energetics of form-
simply be ignored. For example, in bulk liquid helium, it hasing a single critical bubble. Unfortunately, a microscopic
been observed experimentally that bubbles preferentiallgefinition capable of identifying localized low-density re-
form around electrons, He atoms, or Heolecules’®*®  gions within a metastable liquid remains lacking.
Thus, an open question is how the presence of particles in The so-called nucleation theorem, originally derived by
the cavity region influences the overall energetics of bubbléxtoby and Kashchi€¥ using general thermodynamic argu-
formation. ments, and recently proved on a microscopic basis by
Density-functional theoryDFT) approaches to homoge- Bowleset al,”®"®is a general result relating the supersatura-
neous nucleation, pioneered by Oxtoby and co-worker®,  tion dependence of the free-energy barrier to the size of the
rely on the description of a metastable system in terms of aritical nucleus. This provides an accurate means of deter-
spatially varying density field. Provided that the system carmining the number of molecules in the critical nucleus from
be coarse grained, the density field corresponding to the critmeasured nucleation rates, assuming an Arrhenius-type ex-
cal nucleus is a saddle point in functional spdce., the pression for the nucleation rate to calculate the barrier height.
space defined by all possible density fi¢lddost DFT stud-  Using the nucleation theorem, McGraw and LaaksoAhen
ies have focused on crystallizatft®>152 and droplet derived general thermodynamic scaling laws for droplet
formation“%°%53comparatively less attention has been paidnucleation relating how the free-energy barrier and size of
to bubble nucleation. Early DFT studies of bubble nucleatiorthe critical nucleus should scale with supersaturation. Subse-
in the Lennard-Joné%and Yukaw4® fluids and®He (Ref.  quently, Talanquéf evaluated the constants in the above
54) by Oxtoby and co-workers were the first to identify non- scaling relations by exploiting the fact that the free-energy
classical nucleation effects, in particular the fact that the denbarrier vanishes at the spinodal. The scaling relationships
sity at the center of the critical bubble at conditions suffi-were verified against DFT predictions and limited experi-
ciently far removed from coexistence differs appreciablymental data for droplet formatici:’” Recently, we extended
from that of the stable vapor. Recent DFT wothas shown these relations to bubble formation and verified them nu-
that in liquids under high tension the density at the center ofmerically using DFT calculations for homogeneous bubble
the critical bubble can be at least an order of magnitudewucleation in the stretched Lennard-Jones lid6iiihe value
greater than that of the stable vapor. It has also been showaf scaling relationships lies in their ability to validate theo-
that the DFT-predicted free-energy barrier height agrees welies of nucleation and correlate experimental data, as we
with classical theory in the vicinity of phase coexistence, butdemonstrate in Sec. IV.
improving over the classical picture, it in fact vanishes at the  While the energetics of bubble formation represents an
thermodynamic liquid spinodal. important aspect of nucleation in superheated liquids, it is
Computer simulation has proven valuable in investigatimportant to emphasize that nucleation is an inherently ki-
ing the microscopic processes that trigger the nucleation afietic phenomenon. Attempts to address the problem of ho-
crystals, droplets, and bubbles. Direct simulationmogeneous nucleation kinetically are relatively rec&nt?
methods® % consist of preparing a metastable system andNoteworthy among these approaches is the work of Rucken-
simply evolving it in time until nucleation occurs. While this stein and co-worker® 2% The key insight provided by this
approach in principle provides dynamical information re-important body of work is to formulate the calculation of
garding the nucleation process, it is computationally ineffi-escape rates in terms of a potential well in the immediate
cient because most of the time is spent simply waiting fowvicinity of the interface separating the emerging embryo
nucleation to take place. Alternatively, biased samplingfrom its metastable surroundings. The mean passage time of
methods, namely umbrella samplifity®8first introduced in  molecules across this potential barrier is directly related to
a nucleation context by Frenkel and co-workers to studythe surface evaporation rate, and the steady-state nucleation
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rate can be determined from a population balance using theumber instead. The excess number in an embfyw, is
calculated rates of accretion and depletion. Early applicadefined as the difference between the number of molecules
tions of this kinetic approach addressed homogeneous dropctually in the embryo and the number of molecules present
let formatiorf>?>?4and crystallizatiot?"?%?¢in the van der in the embryo region if it were occupied by the uniform
Waals fluid. Subsequent extension to crystallization in colloi-metastable medium. The use of this variable is suggested by
dal system® reproduced experimentally observed nucle-the nucleation theoreif.In its most general form, this rig-
ation rate behavior, in particular a rate maximum as a funcerous thermodynamic result naturally relates the partial de-
tion of density or volume fraction. The kinetic theory rivative of the free-energy barrier with respect to chemical
presented in this paper is based on the approach introducgmtential (supersaturationto the excess number in the criti-
by Ruckenstein and co-worké?$%?6and is discussed in de- cal nucleus. Note that in the case of droplet nucleation, and

tail in the following section. for the usual situation in which the density of the super-
cooled vapor is much less than that of the emerging droplet,
Ill. THEORETICAL FRAMEWORK the number of molecules in the embryo and the excess num-

ber are virtually identical. However, for the case of bubble

In this section, the theoretical framework of the kinetic . . . . :
S nucleation, the two quantities differ greatly in magnitude,
theory for homogeneous bubble nucleation is presented. The . ;
; ; o . and in fact have different signs. In the present theory for
general outline of this section is as follows. First, the popu-. bubbl leati derive th d
lation balance for homogeneous bubble nucleation is refor- omogeneous bubble nucleation, we derive the steady-state
mulated and used to derive an expression for the stead -start]UCIeatlon rate based on a population balance using the ex-
nucleation rate. This initial ste cllzzarl demonstrates tge inf:%SS numbeAn as the appropriate descriptor of the emerg-
' P y ing vapor bubble. In other words, we identify a bubble by the

herent kinetic nature of nucleation phenomena, in particular,.
P P ifference between the actual number of molecules that con-

the need for knowledge of the surface condensation and.. .
. . sStitute it and the number of molecules that would occupy the
evaporation rates. Second, we show that there exists a poten

tial field established by the liquid—vapor interface separatin pame region of space at a density equal to that of the bulk

. etastable liquid. For convenience, weiletenote—An so
the emerging vapor bubble from the metastable surround- ; " S
: o ) - .-as to work with positive quantities. Because vapor bubbles
ings. The key feature of this field is a potential energy mini-

mum in the immediate vicinity of the interface, and it is grow by surface evaporation and decay by surface

. . L . : condensation, the bubble population balance differs from
precisely this energy minimum that is exploited to calculate,

the surface evaporation rate. In addition, it will be shownthat for droplet nucleation and is given by the following

that the dependence of the depth of this minimum on embrygxpressmn:

size plays a key role in the physics of embryo growth and d
collapse. Last, we derive the expressions needed for comput- g (V) = @i-afi-1() = Bifi() = aifi() + Bisafia(V),
ing the escape rate from this potential energy well by posing (4)

h Iculation in terms of rrier- roblem. L :
the calculatio terms of a barrier-escape proble wheref;(t) denotes the concentration eémbryos at timet

A. Steady-state nucleation rate in the metastable liquidg; is the evaporation of rate from
the surface of amembryo, ands; is the corresponding con-
densation rate. The flu%(t) is defined to be the rate per unit
volume at which {(—1)-embryos becomeembryos

The key quantity of interest in nucleation theory is the
steady-state nucleation rafilg, that is to say the rate of
formation of critical nuclei per unit volume. In this subsec-
tion, we derive an expression for the bubble nucleation rate  J;(t)=a;_,f;_(t)— B;fi(t). (5)
using a population balance. It is useful first to write the . . . . T .
population balance for droplet formation, a phenomenon fo t th'_s point, it is Cog‘g’e”'e”t to invoke an equmb_num d'?‘
which a clear physical picture is more easily invoked. Atr|but|on of embryosf;™. Contrary to what is done in classi-

liquid-like embryo can be described in terms of the numbeIcal nucleation theory, however, the equilibrium distribution
of molecules it containg, The population balance for drop- is not invoked as a means for calculating the unknown quan-
let nucleation reads tity ; from the known quantitys; . Instead, the equilibrium

embryo distribution enters the theory only as a physically
consistent boundary condition for the calculation of the
nucleation rate. An equilibrium distribution of embry6g’
(3 must satisfy the conditiod; (t) =0 for all i andt. It therefore
follows that

d
afj(t)zﬁj—lfj—l(t)_ajfj(t)_ﬁjfj(t)"'aj+1fj+1(t),

where f;(t) is the concentration of embryos containing
molecules at time, «; is the evaporation rate of molecules a1 f%9, =B (6)
from the surface of an embryo of sizeand g; is the con- ) _ _

densation rate of molecules onto the surface of an embryo ¢for notational convenience, 18%(t) be the ratio of the ac-
sizej. The @ and 8 quantities have units of reciprocal time, tual to equilibrium concentration atembryos

and already include the appropriate multiplicative factor pro- f.(t)

portional to the cluster’s surface area. While the population  Fi(t)= fea - (7)
balance is performed most naturally using the number of ‘

moleculesj in an embryo as the relevant variable, it is in- Note thati is a discrete variable. For mathematical purposes,
structive (and important for what followsto use the excess it is convenient to consider the continuum limit. There are
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various ways to convert the discrete population balance o

equation into a continuous ofA&®? Here, we follow the ap- feYg)=f40)[] jfl. (16)
proach of Frenk&f and Zeldovich! Substituting Eqs(6) =1 B
and(7) into Eq. (4), the population balance becomes Inserting this into Eq(15) and lettingG— o, Jggsreduces to
if(g t)=B(9)f*(g[F(g—1t)—F(g,1)] Jss= AOTO) (17
e ’ ’ % [5dx-ex) St In(Bylay)]’
+B(g+Df*(g+[F(g+1)—F(g,0)], wheref(0) is just the number density of the bulk metastable
(8) liquid since an embryo whose number excess is zero is sim-

ply a liquid monomer. It follows thaj3(0) is the average
whereg is the continuous analog of the discrete variable ¢olision rate of single molecule in the liquid medium. No-
Expanding the term$(g—1t), B(g+1), f*(g+1), and e that the steady-state nucleation rate depends explicitly
F(g+11) aboutg and retaining terms only up to second o, the surface evaporation and condensation rates as a func-
order, Eq.(8) can be converted into a partial differential tjon of embryo size, which are purely kinetic quantities. The

equation equilibrium embryo distribution enters the theory exclusively
P P P through the boundary conditions, Eq42) and (13). While
Ef(g,t)= % B(9)f¢Yg) gF(g,t) . 9 the condensation or arrival rate can be reasonably estimated

using the kinetic theory of gases, the main difficulty lies in

Note that this resembles a diffusion equation for which thehow to determine the evaporation or escape rate. We address
flux J(g,t) is this problem below.

J(g,t)=—pB(9)f*4g) % F(g,t). (100  B. Potential energy field

o ) o The evaporation of molecules from a surface can be
At steady state, the distribution of embryo sizes is timeyjewed as an escape from a potential energy well. Within the

invariant, as is the nucleation rate. As a result, the steadysontext of bubble formation, the conceptual situation of in-
state nucleation rate is also necessarily independegotl  (orest consists of a spherical vapor embryo of radtund

therefore becomes uniform densitypy, situated in a metastable liquid of density
9 pL - Molecules are assumed to interact via a spherically sym-
Jss= —B(9) Q) £F(g). (1)  metric, pairwise additive potential(d) whered denotes the

distance between pairs of molecules. In this work, we use the
It is reasonable to expect that the concentration of embryokennard-Jones potential, which provides a realistic descrip-
beyond some sulfficiently large size, denoted@ybe van- tion of interactions in monatomic liquids. It is given by
ishingly small. Otherwise, a significant portion of the vapor o\ 12 (5|6
phase will have already formed. Thus, one can write, for  y (d)=4¢ (a) —(a

wheree is the well depth, and- is the interatomic distance at

sufficiently largeG
which the potential energy is zero. Consider a molecule in

: (18

F(G)=0. (12

Furthermore, at the other extreme, an embryo of excess sizbe vapor embryo located a distangérom the interface. In
g=0 is indistinguishable from a liquid monomer and there-order to calculate the potential energy felt by this molecule,
fore the concentration of these particular embryos is theonsider a plane defined by a great circle that contains the
same as the concentration of liquid monomers. Thusgfor centers of the molecule and the vapor bubble as shown in
=0 Fig. 1. Any great circle whose diameter is the line joining the
molecule of interest and the bubble’s center can be used for
F(0)=1. (13 this calculation. An infinite number of such circles exist, and
Using Eq.(12) as a boundary condition, Eq11) can be it is not necessary to specify any one in particular. Using a
solved forF(g), to yield Cartesian coordinate system, let the origin coincide with the
center of the molecule of interest, where thaxis is defined
by the unit vector pointing from the molecule to the center of
the bubble and th& axis is the unit vector perpendicular to
(14 they axis lying on the above-defined plane. In this coordi-
nate system, it naturally follows that the equation of the great
circle is x2+[y—(R—q)]?=R? Note that this two-
dimensional picture is based on the existence of cylindrical
1 symmetry about thg axis, which allows us to perform the
Jss= TS @XIBTE0]) (15) full three-dimensional calculation straightforwardly. Assum-
ing that p_ >py, the potential energyp(q;R) felt by this
The equilibrium distribution of embryof°q(x) can be deter- molecule for an arbitrary spherically symmetric potential
mined from Eq.(6) u(d) is given by

Flo)=dsq | . -7 o
(@)= SS{ o PBo0T00 " Jo ¥ BOOTIX)

Finally, using Eq.(13), an expression for the steady-state
nucleation rate can be derived
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force acting on it from one side. This minimum can be
thought to give rise to a thin shell of molecules, the escape
from which determines the surface evaporation rate. Note
that the well depth decreases with increasing embryo size,
which has an important physical consequence. The inverse
relationship between the well depth and embryo size indi-
cates that the surface evaporation increases with embryo
size. As will be shown, this effect plays a key role in deter-
mining the size of the critical bubble. A&— <, the potential
field reduces to that of an infinite, planar liquid—vapor inter-
face. For the Lennard-Jones fluid, we have verified analyti-
cally that Eq.(19) reduces to the familiar inverse 9—3 power
potentiaf* in the limit asR— .

FIG. 1. Schematic setup for calculating the potential energy felt by a mol- While the evaporation rate calculation is posed in terms
ecule located a distancgfrom the surface of a spherical bubble of radis  Of @ barrier-crossing problem, the potential calculated
and densitypy situated in a liquid of density, . What is shown is a plane  through Eq.(19) and plotted in Fig. 2 does not exhibit a

defined by a great circle that contains the molecule and embryo centers. ﬂ}‘ﬁaximum as a function (l‘j but instead increases monotoni-

origin of a Cartesian coordinate system in this plane is fixed at the mol- . .
ecule’s center, where theaxis is defined as the unit vector pointing towards Cally toward the center of the bubble. While there exists a

the center of the embryo and thexis is the unit vector perpendicular to the relative maximum at the center of the embryps R, it is
y axis lying on the above-defined plane. Note that in this two-dimensionalynreasonable to require a molecule to reach the center of the
representation there exists cylindrical symmetry aboutythgis. embryo for it to be considered “dissociated” because exten-
sion of this explicit barrier-crossing requirement to the planar
liquid—vapor interface wher®—o leads to the unphysical
fﬁqdyfwdx-x- u(d) conclusion that only molecules infinitely far away from the
—w 0 interface on the low-density side can be considered dissoci-
ated, or belonging to the vapor phase. Although the lack of
dx-x-u(d) an explicit potential energy barrier renders the definition of a
dissociated molecule somewhat arbitrary, we can construct
such a definition rationally based on the following observa-
, (19)  tions of the potential fieldFig. 2). It can be seen that most of
the steep energy change occurs in the immediate vicinity of
the potential energy minimum, and it is in this region where
cylindrical symmetry about thg axis. In Fig. 2, this poten- the molecule.must do most of the' work to escape j[he influ-
tial energy field is plotted as a function of for several ence of the f|eld_. B_eyon_d some distance from the interface,
values ofR using the Lennard-Jones interaction potential. Inddis; the potential field is relatively flat and therefore the
all cases, there exists a minimum in potential energy at 4°rc€ on the molecule is correspondingly small. Under these
distanceg,;,<o from the interface for all embryo sizes. That conditions, a molecule can be considered dissociated or hav-

Umin<o is attributed to the fact that a molecule inside theing escaped from the well for all practical purposes. In more

bubble near the interfacial region feels only an attractivePT€Cise terms, we defing; as the distance at which a mol-
ecule has climbed some sufficiently large fractidwof the

potential energy difference between that at the center of the
embryo @=R) and the minimum §=q,,). Mathemati-

#(q;R)=2mp.

2R—q £
L Y] E—
-q VRZ—[y—(R—q)]2

+fw dyfxdx.xu(d)

2R—q 0

whered=\/Xx?*+y? and the factor z arises from exploiting

T T 1
cally, q4;s is defined as satisfying the following condition:
0 -
#(dais;R) =& [A(R;R) = d(Amin; R) ]+ d(Amin: R)-
(20)
“o.-1I . .
& In what follows, it is more convenient to express the poten-
= tial field as a function of radial distance from the center of
G ok the vapor embryor, rather than the distance from the inter-
A face,q. Using the fact thaj=R—r, we make the following
transformation:
3r $(GR) = B(1;R). (2D)
1 L | L { N
1 2 3 4 It naturally follows that
g/c
FIG. 2. The dimensionless potential energy field plotted as a function of Fmin= R~ Amin (22)
distance from the interfacg using the Lennard-Jones potential for several
embryo sizesR=50 (—), 100 (——-), and 10@ (——-). and
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I dis= R— s (23) 9 (rtlro)= Dex d(ro;R)| 0
gt Pt = 12 KeT |drg
Finally, we denote byry, the radial position at which the _ )
e , ) d(ro;R)| d
potential field is zero. Because of the steep repulsive force at X1 rgexpg ———=——|=—p(r,tro) .
this position, r, corresponds physically to the closest ap- keT o
proach to the bulk liquid for a molecule in the embryo’s (25

interior. Thus, the domain of the potential energy field of

. As shown in Appendix A, the dissociation or escape time is
interest extends fromgy;s to ry,, wherer 4i<r pin<fp. bp P

given as a function of initial positiom(ry;R) by the expres-

sion
C. Escape and arrival rates ex;:{ ¢(ky;'|'R)} )
"o "o X
In this subsection, we derive an expression for the mean 7(rq;R)= dy- —ZBJ dx- D
passage time of molecules across the potential well, which is "dis y y
inversely related to the surface evaporation rat@nd gov- — $(X;R)
erns the growth of vapor embryos. In addition, the standard exr{kB—T (26)

kinetic theor{® expression for the condensation ragewill
be presented here for completeness. The molecules of inteFhe average dissociation time, or the mean passage time,
est are those that comprise the thin shell of thicknessid ~ 6(R), is simply an average over all possible initial positions
densitypgpe that tends to form in the vicinity of the potential weighted by their Boltzmann factors
energy minimum. Consider now the motion of an individual 1 (re —$(rg:R)
molecule within the potential well region. It undergoes O(R)= Zf dro.rg.ex[{k—_r’
Brownian motion due to collisions with other molecules. The I dis B
random nature of such motion is described by the wellwherez is the partition coefficient for a molecule in a po-
known Fokker—Planck equatiéfi. The Fokker—Planck de- tential energy field and is given by

scription is simplified significantly under conditions where

the velocity distribution is equilibrate@.e., it becomes Max- _ rbdr 2. exr{ —¢(ro; R)} (29
wellian) on a time scale much shorter than that needed for 00 kgT '

positional equilibration. This is precisely the case when aNote that the mean passage time is a function of embryo

molecule is situated in a liquid-like environment or when . : . )
there is strong coupling between it and the surrounding meSiZe- The surface evaporation ratéR) is defined as the total

dium. Exploiting this separation of time scales, the positionaf;humber of mOIGCUIet.NShe%m the spherical shell divided by
evolution of the molecule can be described by tbevard e mean passage tingR)

-1(ro;R), (27)

I dis

Smoluchowski equatioff, which takes the following form in Nshell

a system possessing spherical symmetry: a(R)= o(R)’ (29
The number of molecules in the shellge, is

1% Dadj, —¢(r;R)| 4 5

Ep(r’ter):r_zE r=ex kB—T E Nshei=4mR7p5hell; (30)
(r:R) where 7 is the thickness of the shell, apdy; is its number
x{ex ¢k T )p(r,t|r0)“, (24)  density. Thus, the surface evaporation rate is
B
4R pshel

a(R)= M—R)se (31

wherep(r,t|ro) is the probability of observing the molecule
at a radial position betweenandr +dr at timet given that Competing against the escape of molecules from the sur-
it was located at initially, ¢(r;R) is the potential energy face is the arrival of molecules from the interior of the vapor
field derived in the previous section, aidis the diffusion  bubble to its surface. Note that in the case of bubble forma-
coefficient. It is worth pointing out that we have taken thetion, vapor bubbles shrink by condensation. For simplicity,
origin of the system to coincide with the center of the em-we assume that the vapor contained in the bubble behaves
bryo. We are ultimately interested in the probability that aideally. From the kinetic theory of gas&sthe arrival or
molecule located initially in the regiorr §<ro<ryp) is lo-  condensation rate of molecule, is simply

cated outside of it(<rgg at timet. Formally, this corre- o0

sponds to knowing how the probability changes with the B(R)=mRv)py, (32)
molecule’s initial position. It is therefore more convenient towhereR is the radius of the vapor bubbléy) is the mean
deal with the adjoint or backward Smoluchowski velocity which is only a function of temperature, apg is
equatioi”% which describes changes p(r,t|r,) with re-  the density of the vapor bubble. Note that we have implicitly
spect to the initial positionyy. In a system possessing assumed a sticking coefficient of unity. As in classical theory,
spherical symmetry, théackward Smoluchowski equation it is assumed that the density of the vapor bubble is the same
reads as that of the stable vapor at the given temperature.
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FIG. 3. The evaporatior (—) and condensatio (——-) rates plotted asa  FIG. 4. Pressure—temperature projection of the liquid phase diagram for the

function of embryo sizeR. The critical vapor bubble corresponds to the Lennard-Jones fluid. The dark solid line is the saturation line, or binodal,

point at which the two curves cross. These calculations were performed fosind the dark dashed line is the liquid spinodal. The poisdenote the

a liquid atkgT/£=0.80 andP o/ = —0.0126. metastable state points for which the nucleation rate calculations were per-
formed. Notice that we have examined state points where the liquid is under
tension, as well as conditions where it is heated above its boiling point
(insed.

While the region of interest of the potential field extends

from r s tq ry, itis not at all obvious what is the thickness, IV RESULTS AND DISCUSSION

7, Or density,pqhen, Of the shell formed by the molecules that

aggregate in the vicinity of the potential well. In this work, We have applied the current kinetic theory for homoge-

we have assumed that these values are identical to those rz@ous bubble nucleation to the Lennard-Jones liquid under

saturation at the given temperature. Therefore, we take adsotropic tension, as well as to higher-temperature states

vantage of the fact that the critical bubble in the saturatedvhere superheating is caused thermally rather than mechani-

liquid is infinitely large, and thus the produgipg,.; can be  cally. In our calculations, we use the relatively simple ana-

determined from the corresponding condition of equality bedytical equation of state for the Lennard-Jones fluid derived

tween condensation and evaporation rates to yield from Weeks—Chandler—Andersen perturbation th&ory
which has been used primarily in DFT approaches to homo-
(v)p2t geneous nucleation in the Lennard-Jones ffit?.Our main
ﬂpshen:TV A(R—x), (33 focus will be on the Lennard-Jones liquid at sufficiently sub-

critical temperatures where this equation of state is quite ac-

curate. The liquid state points investigated in this work are
wherep{tis the density of the saturated vapor. We assumeshown in Fig. 4.
that the diffusion coefficiend in the liquid does not change Because nucleation is an activated process, the steady-
appreciably from its value at saturation at the same temperatate rate of nucleation is usually expressed in Arrhenius
ture. Therefore, insertion of E¢33) into Eq. (31) to deter- form as in Eq.(1), where the main quantity governing the
mine the evaporation rate(R) results in an expression that dynamics is the free-energy barrier height or the reversible
is independent oD. work of forming a critically sized nucleu$V*. As noted in

The relative rates of evaporati@r(R) and condensation Sec. Il, most theoretical approaches to nucleation focus on

B(R) dictate whether the vapor embryo grows or shrinks. Incalculating this quantity. From a thermodynamic perspective,
Fig. 3, the escape and arrival rates are plotted as a function ¢ifie work of forming a critical nucleus should decrease with
embryo size for a vapor bubble in the metastable liquid. Noténcreasing penetration into the metastable region and vanish
that botha and B increase with bubble size, but they do so atat some point, reflecting a crossover from activated to spon-
different rates. Small vapor bubbles tend to shrink and distaneous phase transition dynamics. However, the nucleation
appear into the surrounding medium because the surfagate in the current theory does reopriori assume an Arrhen-
evaporation rate is less than the condensation rate. Coids form. While the kinetic theory does not provide an ex-
versely, large bubbles tend to grow because the evaporatigiicit expression for the free-energy barrier, in the compari-
rate is larger than the condensation rate. Consequently, abns with the classical predictions that follow, we estimate an
some critical embryo siz&*, the evaporation and conden- effective barrier height by fitting the predicted nucleation
sation rates are equal. Given the expressions for the evapmate to an Arrhenius rate expression.
ration and condensation rates as a function of size, they can Recent DFT work on homogeneous bubble nucleation
be inserted into Eq(17) to calculate the steady-state nucle- introduced the quantityA u/A ugyin, called the degree of
ation rateJgs. Notice that while the liquid—vapor interface metastability, as a natural scaling parameter that quantifies
plays a crucial role in the physics, there is no explicit men-the thermodynamic driving forc® The fundamental nature
tion of surface tension anywhere in the kinetic theory. of this quantity was suggested by the observation that vari-
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ous properties of the DFT-predicted critical bubble, such as y T " T " T
its work of formation, size, and interfacial thickness, scaled
with the degree of metastability in temperature-independent
fashion. Physically, this parameter is a natural measure of the
extent of penetration into the metastable region of the liquid,
and is defined as

Aup _ /“qu( P,T)— psalT)
A:"L'spin :uspin(T) —psa(T)

where ui4(P,T) is the chemical potential of the bulk meta-
stable liquid at the given pressuf® and temperaturd,
1saf T) is the coexistence chemical potential at the sdme
and ugpi(T) is the chemical potential of the liquid at the
spinodal, also at the same temperature. An equivalent inter-
pretation of A u/A ugpin is that it is simply the normalized
thermodynamic driving force for nucleation. Notice that this FIG. 5. The radius of the critical bubbR* as a function of the degree of
parameter conveniently varies between zero at saturation amktastabilityA /A ue, at three reduced temperaturégT/e=0.70 (—),
unity at the liquid spinodal. 0.75(-—-), and 0.80(—-).

The only adjustable parameter in the theoryéjsthe
fraction of the energy difference between the potential well
and the effective potentia| at the center of the embryo that Qredict similar values for the radius of the critical bubble
molecule must surmount before it is considered “dissoci-(i-€., the ratioRgy/Reyy is not very different from unity.
ated.” It therefore follows that high values @ftend to de- The observation that the ratiRgyr/Reyr deviates from
press the surface evaporation rate. Consequently, the prenity is actually consistent with the suggestion that the ki-
dicted size of the critical nucleus increases wittvhile the  netically defined critical nucleus, KNT, should differ in size
nucleation rate decreases. Although the valug iofluences ~ from the thermodynamically defined one, CRPTFurther-
the quantitative predictions of theory, it does not affect themore, notice that the discrepancy between the two predic-
qualitative trends. In the results that follow, we have takertions increases with temperature. We attribute this to the fact
£=0.90 unless noted otherwise, as this was found to yieldhat at elevated temperatures, the assumptionghetp, in
critical bubble sizes that agreed well with classical theonythe kinetic theory becomes invalid. This should be antici-
predictions (within +10%) at the lowest temperature and pated because the distinction between liquid and vapor
highest degree of metastability investigated. This provides &hases vanishes as the critical temperature is approached giv-
convenient baseline for comparing the predictions of thdng rise to a broad, instead of sharp, interfacial region. There-
classical and kinetic nucleation theories. For reference, dore, the density of the embryo is no longer negligible, and
kgT/e=0.70, the predicted nucleation rate Afu/A upin the theory should not be expected to work well under these
=0.390 using a valueé=0.90 is equal to that at conditions.
A pl A prgpin=0.402 usingé=0.91. This represents a modest In Fig. 7, the KNT-predicted steady-state nucleation rate
shift in the degree of metastability. Jss/B(0)f(0) is plotted against the degree of metastability

In the current kinetic nucleation theofiNT), the criti-  for the same three temperatures in Figs. 5 and 6. Again, the
cal bubble corresponds to the condition of equality between
the surface condensation and evaporation ratedR*)
=B(R*). In Fig. 5, the radius of the critical bubbR* is ' ' ' ' ' '
plotted as a function of the degree of metastability at three L4 7]
reduced temperature&gT/e=0.70, 0.75, and 0.8Cfor the
Lennard-Jones liquid under isotropic tension. In all cases, the
size of the critical bubble diverges at saturation and de-
creases with increasing metastability, which is consistent

(34

: on
04 0.6

'spin

Ap/Ap

1.2 ]

=
4
*U
T . . ~ 0.80

with intuitive expectation. In our previous work on bubble ~ 1of 075 n
nucleation we found that the size of the DFT-predicted criti- *ﬁ K, T/e=0.70
cal bubble scales independently of temperature with the de- & 08k i
gree of metastability® The current theory instead predicts a ’
small but non-negligible temperature dependence as can be
seen from the distinct isotherms in Fig. 5. Notice that at fixed 0.6 .
value of metastability the radius of the critical bubble in- , ! . ! . !
creases with temperature, a trend also predicted by classical 0.0 0.2 04 0.6

Al"’ /A},l spin

theory. A direct comparison between the current kinetic and

CIaSSIC_aI HUCIGatIO(CNT) theor_'?s is made in Flg. _6' where FIG. 6. Ratio of the kinetic nucleation theofi{NT) to classical nucleation
the ratio of the KNT to CNT critical bubble radius is plotted heory (CNT) critical bubble radius as a function of metastability at three

as a function of metastability. Notice that the two theoriesreduced temperaturek, T/ =0.70, 0.75, and 0.80.
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FIG. 8. Comparison of the steady-state nucleation rate predicted by KNT
E—) and that predicted by CNT——-) at two reduced temperatures
(kgT/e=0.75, and 0.8Dusing ¢&=0.97.

FIG. 7. Steady-state nucleation rate as predicted by the current kineti
theory as a function of metastability for a liquid under isotropic tension at
three reduced temperaturekgT/e=0.70 (—), 0.75 (——-), and 0.80
(—.
tween the two theories near coexistence, the metastability
values corresponding to agreement between KNT and CNT

state points along each isotherm correspond to a liquid undée actually quite appreciabled (/A pgpi>0.5) and in-
isotropic tensior(see Fig. 4 Note that the scale of theaxis ~ crease with temperature. However, the rate corresponding to
spans 50 orders of magnitude. There are several importatfie point at which the two theoretical curves intersect, while
trends to notice in Fig. 7. First, at fixed temperature, thefinite, is zero for practical purposes. Comparison of these
nucleation rate increases with metastability, that is to sagxtremely small numbers is not particularly useful. On the
with the extent of penetration into the metastable regionother hand, the discrepancy between the two theoretical rates
Second, the reduced nucleation rates reach a value of unit§t even higher values of metastability is substantial and is
indicating that an associated effective free-energy barrieélue to the fact that CNT employs a planar interfacial tension
vanishes. Another remarkable feature is the fact that th#hich is a gross overestimate of the true surface tension for
nucleation rate changes by many orders of magnitude over&microscopic embryo. Consequently, classical theory always
relatively small metastability range, which is consistent withunderpredicts the nucleation rate for high values of metasta-
empirical observations that superheated liquids tend to urpility [see Eqgs(1) and(2)]. We also note that the several-
dergo a sudden change from apparent stability to catastroph@ders-of-magnitude difference between the rates predicted
boiling.2*® Finally, notice that at fixed value of metastabil- by KNT and CNT is consistent with similar kinetics-based
ity the nucleation rate increases with decreasing temperaturteories of nucleation for crystals and dropfEts:**°While

In the pressure—temperature plaiéy. 4), lines of constant it is desirable to discern which theory, KNT or CNT, pro-
liquid metastability lie between the binodal /A tgpin vides a more accurate description of the actual phenomenon
=0) and spinodal 4 u/A pgy,= 1) curves. Movement along of homogeneous bubble nucleation, reliable experimental
a line of constant value of metastability in the direction ofrate data in simple monatomic fluids, the vast majority of
decreasing temperature corresponds to decreasing pressuiich is only relevant to liquids heated above their boiling
or increasing tensiofsee, e.g., the liquid spinodal in Fig..4 points, are limited:*>"% Furthermore, measurements in
One therefore expects the nucleation rate to increase witgtretched liquids have been restricted to conditions corre-
decreasing temperature at a fixed value of metastability. Thisponding to a very small degree of metastability
is a nontrivial result in light of the fact that classical theory (Au/A ug,i=0.02) where both theories predict vanishing
predicts the opposite trend, namely that the nucleation rateates of bubble nucleatior.

should decrease with decreasing temperature, due primarily An important test of the current kinetic theory is whether
to the inverse temperature dependence of the surface tensiohnot it follows the general scaling laws based on the nucle-
for the planar liquid—vapor interface. ation theorem. While the McGraw—LaaksoA€rcaling re-

A direct comparison between the nucleation rates prelations were originally developed specifically for droplet
dicted by KNT and CNT is made in Fig. 8 as a function of hucleation, recent wofR has extended them to homoge-
metastability at two reduced temperaturkgT/e=0.75 and  neous bubble nucleation. In its most general fdfnthe
0.80 using a value o£=0.97. First, notice that the kinetic nucleation theorem is given by
theory predicts a more explosive transition from apparent
metastability to catastrophic boiling than does classical
theory. Second, it is interesting to note that while KNT and
CNT agree relatively well in predicting the size of the critical whereW* is the free-energy barrier heighty is the chemi-
bubble, the predicted nucleation rates are dramatically differeal potential difference between the metastable and saturated
ent. In particular, while one expects better agreement bdiquid, andAn* is the excess number in the critical bubble. It

- *
Y An*, (35
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FIG. 9. Negative of the number excess in the critical bubbl&n* as a
function of the nominal thermodynamic driving forcédu, at kgT/e
=0.70. Squares denote the excess number calculated by a classical
Circles denote the excess number calculated directly from the critica
nucleus condition.

FIG. 10. Ratio of the free-energy barrier height to the product of nominal
hermodynamic driving force and number excess in the critical bubble as a

tﬁnction of the chemical potential difference between the metastable and
aturated liquid at three reduced temperatle® ¢ =0.70 (O), 0.75(0),

and 0.80(<).

should be pointed that the differentiation in E85) is per-
formed at constant temperature. Using this thermodynamitwo, which is attributed to the imposition of a functional
result, one can derive the following scaling relatioisge form to extract the effective free-energy barrier, decreases

Appendix B: with increasing degree of metastability. We should remark
An* =C(T)(Ap) "2, (36) agaip that it has been suggested Fhat the thermodynamically
predicted number excess in the critical nucleus does not nec-
and essarily have to agree with that predicted by a kinetics-based
theory® Nevertheless, it is quite clear that the scaling rela-
ApAn B(T)(Au)?, (37)  tion in Eq.(36) holds well.

In Fig. 10, we plot the quantityV/*/(AxwAn*) versus
where C(T) and B(T) are positive temperature-dependent (A u)? at three temperatures to test the scaling relation in Eq.
constants. As shown in Appendix B, a key step in arriving at(37), where the number excess has been calculated directly
Egs.(36) and(37) involves invoking a mathematical homo- from the critical nucleus condition and the free-energy bar-
geneity conditiorf’?® The excess number in the critical rier has been determined indirectly from a classical fit. The
bubble can be determined by two independent methodsotherms are linear to a very good approximation, indicating
which can serve as verification of self-consistency. The firsthat the scaling relation in Eq37) is reproduced quite well
involves the use of the nucleation theorem, E2h). While by the kinetic theory. In addition, notice that the slope of
the current kinetic theory does not calculate an explicit freeeach line becomes steeper with increasing temperature,
energy barrier, an effective free-energy barrier height can bevhich is also consistent with the droplet nucleation results of
determined by fitting the kinetic nucleation rate to the clas-McGraw and Laaksonefi.In recent work on homogeneous
sical form as in Eq(1). In this case, the derivative of the bubble nucleation using density-functional thetye have
effective free-energy barrier with respect to the nominal thershown that the quantity on the left-hand side of Eg7)
modynamic driving force should yield the excess number inscales with the degree of metastability independently of tem-
the critical bubble. In the second method, the excess numbgerature. It was also suggested, using the nucleation theorem
is calculated directly from the critical nucleus conditide.,  and the homogeneity condition arguments as detailed in Ap-
the equality between evaporation and condensation)rdtes pendix B, thatW* /(A wAn*) should be a quadratic function
this case, the excess number is simply the product of thef the degree of metastability. While a quadratic functional
volume of the bubble and the difference between the stableorm captured the DFT-predicted behavior reasonably well, it
vapor and metastable liquid densities. In Fig. 9, the negativevas evident that a higher-order functional form was required
of the excess number; An*, determined by the two meth- to quantitatively fit the DFT results. In Fig. 11, we plot
ods is plotted as a function of (Au) 3. Notice that the W*/(AuAn*) versus (&M/A,uspir)z at the same three tem-
indirect and direct methods agree reasonably well. If theperatures as before. Although it is obvious that there is no
steady-state nucleation rate is instead determined using tamperature-independent scaling behavior with respect to
population balance based on the actual as opposed to thgu/A ugyn, the quantity W*/(AuAn*) is described re-
excess number of molecules in the vapor embryo, this conmarkably well by a quadratic function of the degree of meta-
dition of self-consistency is violated. Note also that the valuestability.

of —An* predicted by the indirect method is always larger Up to this point, we have only presented nucleation rate
than the direct one. However, the discrepancy between thealculations for the Lennard-Jones liquid under isotropic ten-
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L e (Po®/e=0.00293 and 0.004 82The state points for these
1 calculations are given in the inset of Fig. 4. The nucleation
. rate increases with temperature along each isobar in accord
with intuitive expectation. Again, notice that the rate in-
creases dramatically over a relatively narrow temperature
range. More importantly, at fixed temperature the theory pre-
dicts that the nucleation rate should increase with decreasing
. external pressure. This latter trend is remarkable in that the
theory is able to capture the correct qualitative behavior at
these elevated temperatures without explicitly employing
surface tension.
At the thermodynamic spinodal, the free-energy barrier
. ., 5 n T to nucleation must by definition vanish. This indicates that
0.0 0.1 0.2 0.3 0.4 the phase transition mechanism changes from nucleation, an
(AH/AMSPm)2 activated process, to spinodal decomposition, a spontaneous
one. It is interesting to examine the current kinetic theory is
FIG. 11. Ratio of the free-energy barrier height to the product of nominalihjs regard, in particular the connection between the theory
thermodynamic driving force and number excess in the critical bubble as a . i . .
function the degree of metastability at three reduced temperakiie's and phasg .Stablllty limits. It ShO.L_“d be n_Oted t_h.at n rea“ty
=0.70(0), 0.75(07), and 0.80($). the transition from metastability to instability occurs
smoothly over a region of the metastable portion of the phase
diagram®>~**the spinodal line being a useful idealization for
sion where the driving force for nucleation is of a mechanicalsystems with infinitely long-ranged interactions. By propos-
origin. In many practical settings, bubble nucleation occursng 5 Ginzburg criterion for nucleation which quantifies the
in liquids that have been heated above their boiling poinimportance of density fluctuations, Bind&?® has shown
where the driving force is of a thermal nature and effect§nat the width of the transition region from nucleation to
such as a pronounced temperature-dependent surface tensigiinodal decomposition decreases as the distance to the criti-
become importantRecall that one of the assumptions in the cal point (T.—T) increases. The Ginzburg criterion for
kinetic theory is that the density o_f th_e staple vapor is_ much,cleation states that fluctuations are not importamean-
less than that of the metastable liquid. This assumption bee|q theory is accuralevhen the mean-squared density fluc-
comes increasingly invalid at elevated temperatures, particyy,stion in the inhomogeneous region separating the nucleus
larly close to the critical point. Furthermore, the WCA equa-trom the bulk fluid is much smaller than the square of the
tion of state for the Lennard-Jones ligifidis not very density difference between the liquid and vapor densities.

accurate at elevated temperatures, although it is particularky,o quantity that measures the relative importance of fluc-
well-suited in describing the properties of the liquid at suffi- ,~tions is\3(1—T/T,)¥2 where\ is the range of intermo-
C. L]

ciently subcritical temperatures. Although the use of a MOr&acular interactions in units of the characteristic molecular

sophisticated equation of state will not influence the qualitag;,o a¢ sufficiently subcritical numbers, when this quantity,

tive trends that we wish to present here, some caution Mug,e Ginzburg number, is of order unity, the transition region
be e>_<(_arC|sed In using the theory in its presen_t form afc theSBet\Neen nucleation and spinodal decomposition is preceded
conditions. In Elg. 12, the steady-state nuclganon rate is pIotBy a “spinodal nucleation” region, which defines the region
ted as a function of temperature at two different pressureg; 1 o phase diagram where the phase transition mechanism
is not well-described by classical theory.e., at high
10° ————— ——————————— supersaturatio®> The initial boundary of this spinodal
nucleation region should in fact correspond to the condition

that the effective barrier height is of the ordeyT, indicat-
. ing that ordinary thermal fluctuations are sufficient to trigger
the phase transformation. Therefore, the set of state points
that satisfies this condition constitutes a kinetically defined
. spinodal. In Figs. 13 and 14, we show the calculated kinetic
0.00482 spinodal line in the pressure—temperature and temperature—
density planes. Notice that at low temperatures, the kinetic
- spinodal corresponds to a metastability value of approxi-
mately 0.5 and therefore lies midway between the thermody-
namic binodal and spinodal. At low enough temperatures, the
, Jor T kinetic spinodal precedes the thermodynamic spinodal, and
1.15 12 1.25 13 the thermodynamic spinodal can be viewed as the ultimate

k,T/e limit of stability. As temperature increases, the degree of

FIG. 12. Steady-state nucleation rate as a function of temperature for EnEtaStablllty along the kinetic spinodal also increases and

liquid superheated beyond its boiling point at two different external pres-2Pproaches a Va'ye Of_ unitye., the kinetic spinogjal meets
suresPo3/e =0.002 93 and 0.004 82. the thermodynamic spinodalFor the current version of the

041

e
w
T

W+ / (AL An*)
e
(3]
1

e
—
T

0.0

—_

=4
N
K

P6™/e=0.00293

Iss/ BO)HO)
IO

—_

>,
~
G

Downloaded 28 May 2003 to 128.112.35.162. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



780 J. Chem. Phys., Vol. 118, No. 2, 8 January 2003 V. K. Shen and P. G. Debenedetti

density of the vapor is much less than that of the liquid,
which becomes invalid at elevated temperatures. In spite of
this, at low temperatures, where the kinetic theory is believed
to capture the relevant physics of nucleation, the trends are
clear: the kinetic spinodal always precedes the thermody-
namic one and approaches it with increasing temperature.

V. CONCLUSIONS

e T We have presented a kinetic theory for homogeneous

-0.81 // . bubble nucleation. The theory is based upon explicit calcu-

-/ 1 lation of surface evaporation and condensation rates. The
-1.0F , latter is calculated from the kinetic theory of gases, while the
R R ¥ E— former is calculated by exploiting the potential energy mini-

k,T/e mum in the field established by the interface separating the

emerging vapor embryo from the metastable liquid. The sur-
FIG. 13. Kinetic spinodal curve-—-) in the pressure—temperature projec- face evaporation rate is directly related to the rate of escape
tion of the Lennard-Jones phase diagram. The plotted kinetic spinodal if)f molecules from the potential-well region. Knowledge of
defined to be the set of points for which the effective free-energy barrier h f . f b . '” h b
height is of the ordekgT. The binodal—) and spinoda(——-) curves are t ese rates aS_ a un(.:t'on orem rYO size allows them to be
also shown. For reference, line of constant degree of metastability), incorporated directly into a population balance based on the
Apl A pgpin=0.5, is also drawn. number excess in the emerging bubble. For the Lennard-
Jones liquid under isotropic tension, the kinetic theory pre-
Kineti leation th based h i ‘ dicts that the nucleation rate increases with degree of meta-
Inetic nucleation theory, based on the assumption ma stability at fixed temperature, while the size of the critical
<p., the _k|net|c spinodal is predicted to intersect the ther'nucleus decreases. Comparison with classical theory also re-
rr}(;firynaom;% onAe at I? redtL_Jced t_fm_per?tur?r(]@ﬂkg :3'055_ veals a markedly different metastability dependence of the
(T/Tc~0.70). An altemative criterion for the Kinetic spin- overall nucleation rate. An important nontrivial prediction

pdal that .avoids the calculation of an effe(;tive barrier hGightmade by this theory that classical theory fails to predict is
involves instead the set of points for whidas/S(0)f(0)  a¢ the nucleation rate increases with decreasing tempera-

:.1' NOR? that thehphysrgcal snua;uc;]n thﬁt correspcf)nds to th'.?ure at fixed degree of metastability. For the Lennard-Jones
criterion Is one where t © rate of the p ase t'rans ormation Iﬁquid heated above its boiling point, the predicted nucleation
gomparable to t'hat qf single molecqle CQIIISIOHS or fluctua- 5o increases with temperature at fixed external pressure,
tions. Th_e k_metlc s_pln_oc_JaI o_lefmed in this way generates g,y aiso increases with decreasing external pressure at fixed
I|_ne tha_t IS ylsua!ly |nd|st|ngwshable fror_n the previously d_e- temperature. We have also explored the connection of KNT
2n_edh k_metlfc Sg”:i?d_?l #ﬁmg hthek_cnt_erlon_ thgt Iﬂ(;e barrlerto phase stability by mapping out kinetically predicted spin-
eight is of orderkgT. That the kinetic spinodal does not 4 ¢ ryes. For the state points explored, the kinetic spin-

extepd up to higher “?”?perat“res cllose.to the critical point i?f)dal always precedes the thermodynamic spinodal, and ap-
ascribed to the simplifying assumption in the theory that theproaches it with increasing temperature. Finally, an

important aspect of this work concerns the observation that
—r—7r 7 the predictions of the kinetic theory follow the thermody-
L6k N namic scaling relations derived for bubble formation. Al-
though we have used the scaling relations to validate the
kinetic theory, the opposite could also be said, namely that
] the generality of the scaling relations is suggested by the fact
that the predictions of an independent kinetics-based theory
adhere to them. Extension of these relations to more complex
systems such as mixtures can provide a powerful analysis
tool, as has been recently suggested by Muderl®® in
. their studies of bubble nucleation in binary polymer solu-
tions.

While the kinetic theory presented in this paper repre-
sents a necessary step towards rigorous, kinetics-based treat-
ment of bubble nucleation, there are important aspects of the
theory that deserve critical evaluation. An important feature
is the assumption that the density of the critical bubble is that
FIG. 14. Kinetic spinodal curvé-—-) in the pressure—temperature projec- Of the stable vapor. Density-functional theory has shown that
tior! of the Lennard-Jones phase diag_ram. The plqtted kinetic spinoda! iBhis is onIy a reasonable assumption up to moderate penetra-
geflned_ to be the set of points for which the effectlve free-energy barrler,[ionS into the metastable region. Incorporation of DFT-

eight is of the ordekgT. The binodal—) and spinodal——-) curves are . . . . )
also shown. For reference, line of constant degree of metastabitity ~ Predicted density profiles for the critical bubble into the cal-
Apl A pgyin=0.5, is also drawn. culation of the potential energy field deserves investigation.

Downloaded 28 May 2003 to 128.112.35.162. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



J. Chem. Phys., Vol. 118, No. 2, 8 January 2003 Homogeneous bubble nucleation 781

A crucial aspect of this theory is the consideration of evapo- ¢ D d(rog;R)] @
ration and condensation events involving only single mol- EQ(ﬂro):r—zeX kB—T o'?TO
0

ecules. Inclusion of multiple-molecule events, while difficult,
should not be disregarded. Molecular dynamics simulations
of supercooled vapors have revealed that such events are not
completely negligible in the case of droplet nucleatibithe
relevance of such events to bubble nucleation remains un- Finally, integrating both sides with respect to titrfeom
known. 0 to » yields a differential equation for the mean dissociation
Hydrodynamic effects can in principle play a role in the time 7(rg;R)

kinetics of bubble formatioi’"°® This is because the growth
and shrinkage of embryos occurs in a liquid that possessesP F{(ﬁ(fo;R)} d [ 5 F{—fﬁ(fo;R)} d ] L

5 =—1.

X

- R)| d
rgex;{—‘ﬁf; )}—Qulro)]. (P6)

arg

nonzero viscosity and is denser than the bubble. This effect,% ex keT |dro X keT d_rOﬁrO;R) -

which could prove significant for large enough bubbles, has (A7)
not been considered in the present theory, and should be the

subject of future work. The above differential equation is solved using a “no flux”

or “reflective” boundary condition aty=r,
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T(rO;R)|rO=rdiS:01 (A9)
APPENDIX A: DISSOCIATION TIME . .
which simply states that molecules beyang are free from
In this Appendix, we derive the dissociation or escapethe influence of the potential field. Solving E&\7) with the
time of a molecule within the potential well as a function of two boundary conditions yields an expression for the mean
its initial position, 7(rq;R). Let Q(t|ro) denote the survival dissociation time as a function of initial positiatfro;R)
probability, that is to say the probability that a molecule ini-

tially in the potential well region remains there after tie R)— ro  exd ¢(y;R)/kgT] rbd X_2
Mathematically, it is defined as T(roiR)= Y y2 , D
' — .
Qtlrg)=| dr-r2.p(r,tlrg) for rgs<ro<rp. (Al) .ex —¢R) _ (A10)
"dis kT
Note that the survival probability has the following prop-
erties: APPENDIX B: SCALING RELATIONS
Q(Olrg) =1 for rys<ro<rp, (A2) In this Appendix, we reproduce the key steps in deriving
and the scaling relations given in Eq&6) and(37). To this end,
Qt—|r)=0 fOr Iye<ro<rp. (A3) it is postulated that the relationship between the free-energy

barrier height, W*, the nominal thermodynamic driving
Therefore, the probability that a molecule initially located in force. Au, and the number excess in the critical embryo,
the potential-well region has escaped between time G@d An*, can be written in the following form:

just 1—Q(t|ry). Thus, the mean escape time as a function of

initial position, 7(r o' R), is WL
) ; Mg An* 2 h(An*,Au), (B1)
(r ;R)=f dt-t- —[1—Q(t|ry)]. (A4)
(To 0 (9t[ Q(tlro)] where the unknown function(An*,Au) describes the de-

parture from classical behavior. Note thet 0 corresponds
to agreement with classical nucleation theory. Differentiating
this equation with respect thu at constant temperature and

Integrating by parts and using the propertiesQgt|r,), the
mean escape time(ry;R) reduces to

R using the nucleation theorem, E@5), yields the following
m(ro;R)= fo dt-Q(t|ro). (AS) differential equation:
We now make use of the backward Smoluchowski equa- d d
tion, Eq.(25), by multiplying both sides of it by? and then BAN*+Au- g AnT =2 [Ap-An*
integrating with respect to over the potential well region to H H
obtain -h(An*,Au)]. (B2)
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Becauseh(An*,Au) is unknown, it is assumed that each
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42D, M. Huang, P. L. Geissler, and D. Chandler, J. Phys. Cheftf0B6704

side of the above equation vanishes identically, and therefor4e3(2001>-

each side can be solved separately fam* and
h(An*,Au), yielding

An*=C(T)-(Ap) 3, (B3)
and

An* -h(An* Ap)=D(T)-(Au)" 1, (B4)
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