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Density-functional study of homogeneous bubble nucleation
in the stretched Lennard-Jones fluid
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Density-functional theory is used to study homogeneous bubble nucleation in the stretched
Lennard-Jones liquid. We show that the ratio of density-functional to classical nucleation theory free
energy barriers should scale with the quantity/A ugin, the difference in chemical potential
between the bulk superheated and the saturated liquid divided by the chemical potential difference
between the liquid spinodal and the saturated liquid. The critical bubble changes from classical near
coexistencdsharp interface, uniform density that decreases with penetration into the coexistence
region to nonclassical beyond\u/Augy,~0.5 (diffuse interface, increasing density with
increasing penetration into the metastable regi®he density at the center of the bubble, the mean
bubble density, the bubble size, the interfacial thickness, and the free energy cost of forming a
critical bubble all scale with u/A ugpi, in temperature-independent fashion. This precise measure
of the degree of metastability should emerge as a natural parameter in data correlation, as well as
in the development of improved theories of nucleation. 2@01 American Institute of Physics.
[DOI: 10.1063/1.1344604

I. INTRODUCTION lapses back into the metastable liquid. The formation of such

_ ) . ) critically-sized bubbles is the phenomenon of interest here.

M.etasta}ble liquids play'cruual rolles In a variety O,f teph- Knowledge of the energetics, rates, and mechanism of homo-

nologically lmporFant Sltua.tlor?s rzanglng frqm crystallization geneous bubble nucleation is important for determining at-
and glass formationto cavitation? sonoluminescencéand tainable limits of liquid superheating,mapping the condi-

. e ’5 . . . . . . . . ) ”
explosive boiling® Despite their ubiquitous presence in na- on ihat lead to industrially hazardous explosive boifihg,

ture and technology, major gaps remain in our fundamental,y reventing catastrophic accidents that can occur during
understanding of liquids outside their normal range of Stab"'the rapid decompression of tanks containing pressurized

ity. Prominent among these is the subject of bubble formaﬁquids.lz In this paper, we address homogeneous bubble

tion in superheated liquids, which remains incompletely UN+ ucleation in an atomic liquid under tension. The léive.,

ders_tood over a proad range of Iength scales. From §ubstantially subcriticaltemperatures involved distinguish
c_ontlnuum perspective, .the fluid mechanlgs OT bubble form"’_‘fhis situation from bubble nucleation in near-critical fluids,
tion and collapse remains a toplc'of.actlve lnterest, and 'Svhere other effects, such as the pronounced temperature de-
key to underé;_tgmdmg cavitation  erosion  andpengence of the surface tension, become important.
sonoluminescence’"® At the microscopic level, it is pos- Homogeneous nucleation is one of the basic mechanisms
sible to distinguish between two mechanisms of bubble fory., \ hich first-order phase transitions océun general, the
mation: heterogeneous and homogeneous nucleation. In tl? te of nucleation can be written in Arrhenius form,

former case, dissolved or suspended impurities, or the soli

walls of a container can act as preferential sites that facilitate —W*
the formation of a microscopic vapor-liquid interface. Het- J=Aex;{ KT
erogeneous nucleation is important in many practical appli- B
cations, such as boiling heat transtdn the absence of ex- whereJ is the nucleation rate, that is to say the number of
traneous surfaces, the liquid—vapor interface must be formegkitical nuclei of the stable phase formed per unit time and
within the bulk superheated liquid itself, by homogeneousyolume, A is a purely kinetic frequency factor that depends
nucleation. The work of forming of a new phase is composedveakly on temperaturé is Boltzmann’s constant, is tem-

of two contributions. The first is the cost of forming an in- perature, andV* is the nucleation free energy barrier, or the
terface, which is proportional to the surface area, and theeversible work of formation of a critical nucleus. While
second is the favorable thermodynamic driving force tendinghucleation is a dynamic process, most theoretical treatments
to lower the free energy of the system. The competition befocus on the thermodynamic problem of calculating the free
tween these two contributions gives rise to a critically-sizedenergy barrier height, an approach that finds practical justi-
bubble, beyond which the bubble grows spontaneously intgication in the fact that the nucleation rate has an exponential
the stable vapor and below which the vapor embryo coldependence on this quantity. To estimate the height of the
barrier, an underlying construct in most nucleation theories is

dAuthor to whom correspondence should be addressed. Electronic mai_t.he physical CIUSt_erv that is to say, the embryo of the emerg-
pdebene@princeton.edu ing thermodynamically stable phase. In the so-called classi-
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cal nucleation theory (CNT), this embryo is treated as a metastability is an important aspect of this work, and we
macroscopic object possessing the properties of the buladdress this question theoretically and numerically. The for-
stable phase with a sharp interface separating it from thenat of this paper is as follows: In Sec. |l we derive theoret-
metastable mother liquor. Despite its limitations, such as itscal scaling expressions, and we provide a brief description
failure to account for any transition from metastability to of density-functional theory. The DFT calculations are pre-
instability, classical nucleation theory still provides a basicsented and discussed in Sec. lll, and the main conclusions
reference with which to compare new theories and interpreare summarized in Sec. IV.
experimental measurements.

While the intuitive picture pf a phyS|ca_1I clust.er, that is to Il. SCALING RELATIONSHIPS AND DENSITY
say_the embryo of the emerging phase,_ is stralghtforwa_lrd {® UNCTIONAL THEORY
envision, particularly for droplet formation and crystalliza-
tion, the rigorous identification of such an entity based on thé"- Barrier height scaling in bubble nucleation

principles of statistical mechanics is nontrividr*® The In this subsection, we extend to bubble nucleation the
problem of identifying a physical cluster is even more com-scaling analysis introduced by McGraw and Laaksotfen,
plicated for bubble nucleation, the focus of this paper. Um-and subsequently extended by Talangiiewe show that
brella sampling techniques, first employed in the context ofjespite the important differences between bubble and droplet
nucleation by Frenkel and co-workers to study nucleation, similar constraints apply in both cases to the re-

crystallization;” have recently been used to calculate freejationship between barrier heights, thermodynamic driving
energy barriers for homogeneous bubble nucleation in supeforce, and size of the critical nucleus.

heated liquids®* In both studies, a global order parameter  As noted in Sec. I, the critical nucleus in the CNT is
was used to describe the reaction coordinate. Furthermorgssumed to be macroscopic in sfzand to have the same
while making no assumptions about the shape of the criticalhermodynamic properties of the bulk, stable phase. The re-
bubble, both studies observed critical nuclei composedersible work of formation of a spherical critical nucleus

largely of cavities, or regions of space devoid of atom cen-free energy barrigris then given by the expressio-3
ters. In reality, of course, a bubble is more accurately de- 16743
Ty

scribed as a low-density region within the bulk metastable \y»* — —, )
liquid, and identification of such regions within a liquid re- 3(AP)

quires an appropriate microscopic definition of a bubblewhere y is the interfacial tension andP is the pressure

However, a local order parameter that can serve as a reactigfifference between the interior of the critical nucleus and the

coordinate in Computational studies of bubble nUCIeatiorbu|k mother phase_ This expression is valid for bubble as

without imposing spherical symmetry to the embeypriori el as for droplet nucleatio?f. The theory works well in the

has not been found to date. vicinity of phase coexistence, where the critical nucleus and
Density-functional theoryDFT) approaches to nucle- the free energy barrier are large. Near the spinodal, however,

ation, pioneered by Oxtoby, e@.allow accurate calcula- the CNT fails badly, as it predicts a finite free energy barrier.

tions of free energy barriers and critical density profiles byThis is a direct consequence of the assumption that the criti-

expressing the free energy as a functional of a spatiallycal nucleus is homogeneous.

varying density. It is implicitly assumed that the system of  Using the original form of the nucleation theoréfh,

interest can be coarse-grained, so that one can describe it in

terms of a smoothly-varying local densify(r). While most % = —n*, ®)

DFT studies have focused on droplet formation and dAu

crystallization'~**relatively little attention has been paid to \cGraw and Laaksonéhintroduced useful scaling relations

its application to bubble nucleatidh?****in an early DFT  for homogeneous droplet nucleation. These are given as
study on bubble nucleation, Hooper and Nordhtimsed . 3

generalized van der Waals theory to study the work of for- I =C(T)-(Ap) (4)
mation of and the number of molecules in the critical bubbleand
for the Lennard-Jones fluid. However, for numerical simplic-

ity in the free energy calculations, they assumed the density W*=3-n*-Au=D(T). ®)
profile for the critical bubble to be a step function. Oxtoby In Egs. (3)—(5), W* is the work of formation of a critical
and co-worker®?**2examined homogeneous bubble nucle-nucleus Au is the chemical potential difference between the
ation in the Yukawa and Lennard-Jones liquids and &  supersaturated and saturated vapor, @hds the number of

ing more sophisticated numerical techniques to locate thenolecules in the critical dropletC(T) and D(T) are
critical density profile. These early studies identified non-temperature-dependent constants that quantify the deviation
classical effects in bubble nucleation for the first time, butfrom classical behavior. Koga and ZéRgerformed a series
calculations were performed only for a limited number of expansion of the classical work of nucleation in powers of
state points. In this paper, we present a systematic study dfu about coexistence, where the coefficients can be calcu-
bubble nucleation in the stretched Lennard-Jones fluid over kted from bulk properties. They showed that the McGraw—
broad range of temperatures and tensions, using density-aaksonen scaling relations are a limiting case of their series
functional theory. The proper scaling of quantities such agexpansion, that is to say Eq#) and(5) can be obtained by
the free energy barrier height with respect to the degree ddetting higher order terms to zero. Shortly after the introduc-
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tion of the scaling relations, Talanqd@mbtained expres- where P, is the vapor pressure at the given temperature.
sions for constant€(T) andD(T) by using the fact that the Combining Egs(8), (9), and (10) and using the fattthat
free energy barrier vanishes at the spinodal. Furthermore, He* — P, as Au—0, where classical theory is known to
was able show that, within the approximations involved inwork, it follows that

the McGraw—Laaksonen treatm&htto be discussed be-

low), the height of the free energy barrier should be a qua- Wenr _ E (11)
dratic function ofA, Awp-An* 2°
W* Ap |2 Thus, in the limit where the classical picture applies, hamely
T =1-|3 ) : (6)  modest superheating and away from criticality, we recover
3 N*-Apu Mspin

the same expression for the barrier height in terms of super-

where A g is the chemical potential difference between saturation and .S|ze of the critical nucleus as was found for
droplet nucleation.

he bi | i | at th .N ) .
the binodal and vapor spinodal at the same temperature. No Following the approach of McGraw and Laaksor@it,

ing that in the CNT, the quantitp* Aw/2 is the work of . i .
. . is postulated that the ratio of the nonclassical work of nucle-
formation, W¢yr, Eq. (6) says that the ratio of the actual ation, W*, to the quantityA - An* can be written in the

work of droplet formation to the classical work should be a eneral form

simple quadratic function of u/A uepin. 9 '
Although the McGraw—-Laaksonen and Talanquer scal- W*

ing relations were derived specifically for the case of droplet ApAnt 2 f(An*,Ap), (12

formation, we show that similar relationships exist for

bubble nucleation. We begin by writing the nucleation theo-where the functiorf (An* ,A 1) describes the departure from

rem in a more general form, as derived by Oxtoby andclassical behavior. Differentiating E¢12) with respect to

Kashchiev}! Apu at constant temperature and using the nucleation theo-
rem, Eq.(7), yields the following differential equation that
dw* — _An* could in theory be solved, provided th&fAn*,Au) is
IA n ’ (7) .
dAu known:

whereAn* (<0 for bubble nucleationis theexcessiumber . d .
of molecules in the critical nucleus with respect to the num—?’An +tAp mAn
ber of molecules in the metastable mother phase in the same

volume, andAu (<0) is the chemical potential difference —p
between the metastable and saturateather phaseat the dAp
given temperature. It should be noted that the derivative i
Eq. (7) is taken at constant temperature. Next, the classic
work of bubble formationWg,,3¢3"is written as

[Ap-An* - f(An* Ap)]. (13)

r#incef(An*,A,u) is not known in general, McGraw and

aaksoneff assumed that both sides of Eg3) vanish iden-
tically, and each side can be solved separately to yield solu-
16153 tions forAn* andf(An*,Au),

Wen=3pr—py ® An*=C(T)-(Ap) 3 (14

whereP* is the pressure within the critical nucleus adis  and
the bulk pressure in the superheated liquid. For a sufficiently . . .
large spherical embryo, the excess number of molecules in An*-f(An*,Au)=D(T)-(Au) ", (15

the critical bubbleAn*, is whereC(T) andD(T) are temperature-dependent constants

3073 of integration.C(T) can be deduced from Eg®) and(10).
* = Y Substituting Egs(14) and(15) into Eq.(12) and rearrangin
An* = mgm_, (9) u g Eq qg. ging,

one obtains an expression that relates the difference between

where p, is the number density of the metastable quuid.the real and classical free energy barriers,

Equation(9) is vali(_j u_ndgr the assumption that the density of ~ \y\x — L Au-An*—D(T). (16)

the superheated liquid is much larger than that of the vapor

in the critical bubble. This is an excellent approximation forIn other words, the discrepancy between the classical and
modest superheating and away from the critical point. Atactual free energy barrier is solely a function of temperature.
sufficiently subcritical temperatures, and for modest superFollowing Talanquer’s reasoning, the temperature-
heating, the bulk metastable liquid can be considered incondependent constarid,(T), can be obtained by using the fact
pressible. The chemical potential difference between the subat the real free energy barrier vanishes at the spinodal,
perheated and the saturated liquid at the same temperature is

=1 . )2
then given by D(T)=3-C(T)- (Apspin) *, (17)
1 where A ug,i,(<0) is the chemical potential difference be-
Au=-—(P-Pg, (10  tween the liquid spinodal and binodal at the same tempera-
L ture. Equation(16) can now be rewritten as
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we 1 Ap \? p2(rr")=p(r)p(r). (22)
Ap-An* 2 A pspin Specifically, the radial distribution functiorg(r), is as-
which is almost identical to Talanquer’s scaling relation forsumed to be unity. While more sophisticated approximations
droplet formation, Eq(6), except that we have used the ex- €xist, the RPA has been shown to be quantitatively accurate

cess number of moleculeAn*, rather than the actual num- for systems with weak inhomogeneities like the liquid—vapor
ber in the critical nucleusy*. This distinction is important  interface®®

in bubble nucleation, but not in droplet nucleation. Equation ~ The reference state included in Eq49) and (21) is

(18) is therefore a scaling relation that holds for both dropletusually taken to be an equivalent hard sphere system, and its
and bubble nucleation, even though the mechanisms drivinglelmholtz free energy can be written in the general form,
the two phase transitions are quite different. The significance

of Eg. (18) transcends the specific functional form, the accu- Fre,{p]=J dr frdp(r)), (23

racy of which will be investigated in Sec. Ill through DFT.

More importantly, this equation points to the ratio wheref,{p) is the hard sphere Helmholtz free energy per
Al A pspinas a natural measure of the degree of metastabilinit volume at a density. This can be calculated easily from
ity. It will be shown in Sec. Il that the free energy barrier to an equation of state, for example, the Carnahan—Stétling
nucleation, as well as the mean density, size, and interfacidlard sphere equation of state,

thickness of the critical bubble all scale wiffu/A g, in a

(18)

keT(1+ 7+ n*— 7%

temperature-independent fashion. Pnd p)= 1= 7 (24)
-n
where 7, the packing fraction, is#/6)pd® andd is the hard
B. Density-functional theory sphere diameter.

To model the Lennard-Joné€kJ) system using density-
ctional theory, we follow the approach used by Zeng and
Oxtoby?* in their nucleation studies of the same system,
Quhere the potential is broken up using the Weeks, Chandler,
and Anderson(WCA) (Ref. 45 perturbation scheme. The

The density functional approach to nucleation was firstfun
implemented by Oxtoby and Evafisn a study of droplet

study nucleation in other systerffs?’~3?A detailed discus-

sion of the theory can be found in OxtofHere, we simply Lennard-Jones interaction potential between a pair of atoms

summarize key aspects of DFT. is given by
In density-functional theory, it is assumed that the free

energy is a functional of a smoothly-varying spatial density, o\ [o)\®

p(r). The interactions between atoms are normally taken to bLir)=4e ?) _(F)

be pairwise additive, with the pair potential consisting of a ) ) o

hard-core repulsion and a weak attractive tail. The pair poWheree is the value of the potential energy minimum and

: (25

tential, ¢(r), can then be written as is the interatomic separation where the potential energy is
zero. In the WCA perturbation scheme, the potential is di-
D)= dre(1) + dped 1), (19 vided into its repulsive and attractive pari)'“A(r) and
where ¢,.(r) represents the steep, repulsive portion of the®s ~ (I), respectively,
potential, andp,e(r) represents the weak attractive part. In bt +e T<rmn
this regard,¢,¢s serves as a reference system potential and ‘l"’CA(r)z{ , (26)
dpert SEIVES as a slight perturbation. For pairwise additive 0 r=rmin
systems, the functional derivative of the Helmholtz free en- —e r<fn
ergy with respect to the pair potential is proportional to the ‘é"CA(r):{ , (27
pair distribution functionp®(r,r"), bLo(r) T=Tiin
SF 1 wherer ., is 2%, the Iocati(wcgf the potential energy mini-
szp@(r,r’). (200  mum. The repulsive partg;'~"(r), is mapped onto an

equivalent hard sphere system following the scheme put
Functional integration leads directly to the Helmholtz freeforth by Lu et al,*® using a temperature-dependent hard

energy, sphere diameter
El 1= F +1fld ffdrdr’ @(rr i) d_l__alTer -
[p]=Fedp] 2 /o @ p(rr’ ( )—m%f, (28
X perT,F'), (21)  Wwherea;=0.5616%g/€, a,=0.608 9%g/€, a;=0.928 68,

h i . . N < ch ; andb=0.9718.45“" now serves as the perturbation poten-
where a linear integration path overis chosen for conve- iz for this equivalent hard sphere system.

nience, since the free energy functional must be independent Since the grand potential is related to the Helmholtz free
of the integration path chosen. The simplest approximatiernergy by
for the pair distribution function is the random phase ap-

roximation (RPA), in which all particle—particle correla-
'Eons are ignored, P P Q[P]:F[P]—MJ dr p(r), (29)
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FIG. 1. Liquid—vapor phase diagram for the Lennard-Jones fluid in the

P—T plane. The solid line is the binodal, and the dashed line is the liquidFIG. 2. Ratio of density functional to classical free energy barriers,

spinodal. The calculations were performed at state points along isotherm¥Vger/Wgyr, plotted against the chemical potential differendgy/e, be-

kgT/e, of 0.70(+), 0.75(A), 0.80(<), 0.85(0), and 0.90(O). tween the bulk metastable liquid and the saturated liquid at the same tem-
perature. Calculations were performed at reduced temperaitgide of
0.70(+), 0.75(A), 0.80(<), 0.85(0), and 0.90(O).

where u is the chemical potential, the grand potential of the

system can now be written as shown in Fig. 1 and the other to the stable vapor having the

same chemical potential. For a uniform flui@,=—-PV,
which allows the calculation of the pressure.

Comparisons to the classical free energy barrier were
made using Eq(2), with y obtained from the planar surface
tension calculations of Zeng and OxtdByor the same sys-
tem. Figure 2 shows the ratio of density-functiof@FT) to
YlassicalCNT) free energy barriers\se/ Wy, as a func-
“tion of the chemical potential differencAu (<0),

A/-L:/-Lqu_MsaﬁT)r (32

where ug(T) is the coexistence chemical potential at the
specified temperaturd, anduj is the chemical potential of
the bulk metastable liquid. As noted aboye;,, and T are
inputs to a homogeneous DFT calculation. Minimization of

Q[p]=J drfhs(P(r))_Mf dr p(r)

1
+§ffdrdr'p(r>p(r'>¢¥“"*(r,r'>. (30)

The density profile of the critical nucleus and the free energ
barrier can be found by solving the following integral equa
tion,

m(p(r))m—f dr’ g3 “A(r,r Hp(r'), (31)

which is obtained by setting the functional derivative of the
grand potential with respect to density equal to zero

6Q[p]/5p(r)=0. The solution of this equation relevant 10 {he grand potentialper unit volume with respect to density
nucleation, a saddle point in functional space, is unstabl@iemS two solutions for phases of uniform density, corre-

when the chemical potential is not that corresponding tag onding to the stable vapo¥) and the metastable liquid
phase coexistence, and thus standard iterative methods W“B (Fig. 3. Note that bothx and T are fixed in this calcu-

not naturally converge. The numerical method for locating|ation “andp is therefore an order parameter with respect to
the critical profile is described in detail in Refs. 20 and 24.

For simplicity, spherical symmetry is assumed to exist, re-
ducing Eq.(31) to a one-dimensional integral equation.

Ill. RESULTS AND DISCUSSION B

Density profiles and the corresponding free energy bar-
riers for the critical bubble were calculated at five different /
temperatureskgT/e=0.70, 0.75, 0.80, 0.85, and 0)9fr a L1y
range of chemical potentials that placed the liquid under ten-
sions,Po/ €, ranging from—0.067 to—0.99(Fig. 1). These
calculations were performed by fixing the bulketastable P
chemical potential and temperature, and varying the uniform _ o _
density[i.e., using Eq(30) with uniform p and fixed,u]. In ;IG. 3|. Schematic metastable liquid a?]d sthable_ vellpor sta}tqlzs—ﬂ and i
general, thlS procedure y|e|ds two minima fd]‘v as a func- —p planes at constant temperature. The chemica potentla corresponding

J G to the metastable liquiL) and stable vapor\() is an input to the inhomo-
tion of p. One corresponds to the metastable liq(rieults  geneous density-functional calculation.
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FIG. 5. Density-functional theory prediction for the free energy barrier
height, W51, plotted against the degree of metastabilitys/A ugpin. The

solid curve is a guide to the eye. Temperature symbols are the same as in
Fig. 1.

FIG. 4. Ratio of density functional to classical free energy barriers,
Weer/Weyr» plotted against the degree of metastabilityy/ A w0, Where
A prgpin= spi T) = sal T) - Kspin IS the chemical potential at the liquid spin-
odal, corresponding to the limit of stability of the superheated liquid at
temperaturd. The line is a guide to the eye. Calculations were performed at
reduced temperaturég T/ e of 0.70(+), 0.75(A), 0.80(< ), 0.85(CJ), and
0.90(O). with A /A pgpinis a result that is not obviowspriori neither
in the classical nor density-functional formulation of nucle-
ation.
Figure 6 shows the DFT-calculated density profile for

which the free energy is minimized, rather than an indepen- . }
gy P e critical bubble near coexistenceAg/e=—0.1 or

dent thermodynamic variable. The density of the metastabl WA p1opy=0.078) atkgT/e=0.70, The density at the cen-

liquid is an input to the inhomogeneous DFT calculation, :
g P g ter of the bubble is very close to that of the stable vapor and

since it “pins” one end of the density profile of the critical . _ ) . .
bubble to the bulk metastable phase. As expected near Co&_umform up to the interface. Note th_at the mter_face IS sharp
istence, the ratio of free energy barriers is very close to unity?n the length scale of the bubble radius, and this agrees well

away from coexistence, the deviation between the two theoW'th the classical picture. In contrast, the critical density pro-

ries increases. It is important to note thag-; correctly file near the liquid's limit of stability 8u/e=—1.25 or

vanishes at the spinodal, wherd&&,; remains positive. ?"fr/ﬁ '“SP.‘t“.: (:.SSEJSI t.he same terg?feratl{[rf 'S strrmlowrs n .F'gl'
In order to quantify the degree of metastability of the "* € critical bubble 1S now very difierent from the classica

stretched liquid, it is convenient to scalgu by the differ- prediction; there is no sharp interface between the bubble

ence in chemical potentials between the liquid spinodal anfjmd the metastable liquid. Furthermore, the vapor, even at
the binodal at the same temperatulgy g, <0),

A:U«spin: :Uvspir{T) — psal T)- (33

The ratio A u/A ugpin Yields a measure of metastability that
ranges from zero at coexistence to unity at the spinodal. Fig- 2| i
ure 4 shows the ratio of DFT and CNT free energy barriers
as a function of the degree of metastabilifyu/A ugpn, at

the same five temperatures of Fig. 2. Note, as in Fig. 2, the”
limiting behavior near coexistenceWge/Wgyr—1 as
Apl A pgpin—0) and near the spinodal\@e/ Weyr—0 as
AulApgpii—1). The striking feature of this plot is that all
the free energy barriers now collapse onto the same curve -6
indicating that the deviations from the classical barrier height sTaBLE
are predicted by density-functional theory to be solely a varor
function of the scaled degree of penetration into the meta- . .
stable region. In Fig. 5, the free energy barrier height, as '80 20 40 60
predicted by DFT, is plotted against the degree of metasta: r/c

bility. It can be seen that th_e_work of forming a Crm,ca,l FIG. 6. Density profile for the critical bubble near coexistendeu(e
bubble does not depend explicitly on temperature, but is iN= _q 1 or A u/A uqy,=0.078) atkgT/e=0.70. The density of the stable
stead only a function of u/A uepin. The scaling ofWger  vapor is marked for comparison with the classical theory prediction.

-4} i

In (po)
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FIG. 9. Mean bubble density calculated using the radial position of the

FIG. 7. Density profile for the critical bubble near the limit of stability equimolar dividing surface as a function of metastabilibys/ A pepin, at
(Aple=—1.25 or AplA pg,i=0.98) atkgT/e=0.70. The density of the  various temperatures. The line is a guide to the eye. Temperature symbols
stable vapor is indicated for comparison with the classical theory predictionare the same as in Fig. 1.

the center of the bubble, is much denser than the stable vAVO effects gives rise to a minimum in the density at the
por. Figure 8 shows how the density at the center of th&€nter of the critical bubb_le as a_\funct|0n of degree of meta-
bubble changes as a function of the degree of metastability £ability. We note that this minimum occurs au/A wepin
different temperatures. Upon entering the metastable regiorr; 0-5+0.005 over the range of temperatures studied here.
the density at the center at first decreases, since the density of It IS intéresting to examine the evolution of the mean
the vapor having the same chemical potential as the stretch&tgnsity as the extent of penetration into the coexistence re-
liquid decreases d4 4| increases. This can be described as &ion increases. In this work, we determine the mean density
bulk thermodynamic effect. However, upon approaching théy integrating the density profile from the origin to the radial
spinodal, the density at the center increases, becoming aPosition of the eqwmolar'dlwdlng surface, Who§e location is
most liquidlike. This is consistent with the fact that, as thedefined such that there is no surface adsorption, or excess,
mechanism responsible for the phase transition changes frofen the true liquid density profile is imagined replaced by
nucleation to spinodal decomposition, the relevant densitjn€ bulk liquid density up to the dividing surface and, like-
fluctuations in turn change from small wavelength, large amWise, the true bubble density profile is imagined replaced by
plitude (i.e., a vaporlike critical nucledgo long-wavelength ~ the density at the center up to the dividing surfdcave

fluctuations of arbitrary amplitude. The combination of thesedenote the mean density calculated in this mannepgy,
and the radial position of the surface B, The mean

density using the equimolar dividing surface is plotted
against the degree of metastability at various temperatures in
Fig. 9. Note that the average density of the critical bubble
increases with penetration into the metastable region, con-
trary to classical expectations. In the classical picture, the
critical nucleus is assumed to have the uniform density of the
stable vapor at the same chemical potential, and thus the
average critical bubble density is expected to decrease with
increasing metastability. A remarkable feature of this plot is
] that up to appreciable degrees of metastability, the mean
density calculated using the equimolar surface collapses onto
a single curve, independent of temperature. Note that the
scaling of the mean density breaks down close to the spin-
odal, where density fluctuations become arbitrarily large.
Similar temperature-independent behavior is also observed
when the surface of tension is used to calculate the mean
. . . density.
0.0 0.2 0.4 0.6 0.8 1.0 The equimolar dividing surface also serves as a conve-
Awan,,, nient means to define the size of the critical nucleus, whose

FIG. 8. Dependence of the density at the center of the critical bubble on thgadlus IS given S|mply by the radial position of the surface,

degree of metastability. The minimum in density occursAgi/A pgpy, Regm- In Fig. 10 we plot t.h'iS dEﬁnitiO.n of nucleus size VErsus
=0.5=0.005 for all temperatures. the degree of metastability at the five temperatures studied.
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FIG. 10. Radial location of the equimolar dividing surface for the critical FIG. 11. Interfacial thickness of the critical bubble as a functiod pfe at
bubble as a function of metastability,w/A g, at various temperatures.  various temperatures.

The line is a guide to the eye. Temperature symbols are the same as in

Fig. 1.

condition is also where the minimum in the density at the
In all cases, the radius of the critical nucleus initially de-center of the critical bubble occu(Fig. 8).
creases with the degree of metastability, which is consistent The ratio of DFT to CNT free energy barriers is de-
with thermodynamic expectations. While the data points dascribed solely by the degree of metastabil(fyg. 4). In Sec.
not fall perfectly onto the same curve, the size of the criticalll A, we showed that the ratio of free energy barriers should
nucleus is, to an excellent approximation, a function of thebe a quadratic function of metastability for both bubble and
degree of metastability, independent of temperature, over théroplet nucleation, provided that the same homogeneity as-
temperature range investigated here. Note that close enoughmption is made for bubble nucleation as was made in the
to the spinodal, the size of the critical bubble reaches a minieriginal treatment for droplet nucleatidhlt is interesting to
mum and then begins to increase with the degree of metastaee how the DFT calculation compares with EB). In Fig.
bility. This effect, which cannot be predicted by the classicall3, we plotWher/Weyr Vs (A /A pgpi)? alongside the be-
theory, reflects the growth of the interface thicknésse havior predicted by Eq18), whereW¢ is calculated using
Figs. 6 and ¥, which we quantify below. Finally, we men- Eq.(3). The agreement is only qualitative. The denominator
tion in passing that the same qualitative behavior, in particuef Eq. (18), AxAn*/2, becomes equal t@/gy only near
lar the apparent collapse of data onto a single curve, is ob-
served if the radius of the critical bubble is taken to coincide
with the radial position of the surface of tension.

Interfacial widths of the critical bubble were calculated 2.0 - - - '
using a 10%—-90% criterion, according to which the thick-
ness of the interface is the distance over which the density
changes from peentert 0-1(piig— Pcented ] 10 [ pcentert 0-9(piig
— Pcente) |, Where peenier and pjiq denote the density at the
center of the bubble and in the bulk mother phase, respec:
tively. Figure 11 shows the thickness of the interfaceas a
function of Au at different temperatures. As expected, the _§
thickness increases as the liquid spinodal is approached. Fur® 14} .
thermore, the interfacial thickness increases with tempera-
ture, reflecting the fact that at the critical point there is no
distinction between liquid and vapor. Interestingly, at fixed 12| ]
temperature, the width of the interface remains relatively
constant over a significanAu range before increasing ol |
sharply as the spinodal is approached. Figure 12 shows the ) s
same data as in Fig. 11, but scaled in such a way that all the 00 02 0.4 06 08 1.0
curves collapse into one. The normalization factortfisrthe AWK

minimum interfacial thickness at the given temperattig,. . 10 ired cial thick otted e d .
; ; ; ; FIG. 12. Normalized interfacial thickness plotted against the degree o
It can be seen that that the normalized interfacial width re metastability. The width of the interface was scaled by the minimum width

mains consta_nt over an appreciable range of metaSta_b”ityavt each temperature. The line is a guide to the eye. Symbols for each tem-
but grows rapidly beyond u/A ugpin=0.5. We note that this  perature are the same as in Fig. 1.

16 | 1

spin
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FIG. 13. Wher/ Wy VS (Ap/Apgpin?. The line through the points is a

guide to the eye. The dashed line is the prediction of(E8). Temperature ~ F!G- 15. T—p projection of the liquid—vapor phase diagram for the
symbols are the same as in Fig. 1. Lennard-Jones model used in this study. The Wgi/A wgpi=0.1 (——-)

and 0.5(---) are shown, as is the liquid spinodat--).

coexistence. For moderate degrees of superheating, the pres- . . .
sure at the center of the critical bubble can deviate substaﬁ-alcm‘eltlons for droplet nucleation. Although the vanishing

. I B of both sides of Eq(13) is a reasonable assumption in light
t('fcl)% f;?]r; gzﬁcgﬁé:gﬂr; Avr?fl.;_ ?r:esizlﬁ{ile ewgq;jétg)the of the fact thatf (An*,A ) is unknown, and, furthermore, it

. * “\2 . allows for the recovery of classical behavior, it is not a rig-
g?:dr:gi);\:%ﬂééléfs;‘ \/,a)]e\:z éAn’f /iAS’U“ ég‘l’g uIZ’!gggfsr Ic?rre1 tt?g orous requirement. It remains to be studied how the deriva-

actual density profile of the critical nucleus adg. is the tion presented in Sec. Il A s affected by assumangriori

. . . o . other reasonable functional forms BfAn*,Aw), that is to
externally |mposed chemlc_al potential qlrlvn"_ng force W'th re- ay what type of functional form is tn(fecessal:;/)to describe the
spect to coeX|_stence. Plotting the data in this way provides %eviations from classical behavior shown in Figs. 13 and 14.
direct evaluqtlon of Eq(18). The agreement between the The various calculated quantities, when plotted against
DFT calculations and the pred.|cted scaling is qung good.u;%he degree of metastabilith s/ A s, exhibit a common
to A/ A pgpin=0.5, bey.ond which there are appreciable dif- .Feature namely the competitio;pm'between binodal and
Leerﬁg\c/:i%sr. ;hrﬁ (Iqeutgtljrat_:_chifsorir; g:]eeal;:'g/ ?hoeesigoéscitggéugi Eispinodal—dominated behavior. In the vicinity of the binodal,

. pletely. > Imp A ulApgyi— 0, the assumptions of the classical theory are
requirement that both sides of Ed@.3) vanish, a key step in n

deriving Eq. (18). McGraw and Laakson@h have shown valid. It is here that the critical nucleus is a large, well-

. . o . efined geometric object with an internal density practically
that this assumption leads to predictions that agree with DF‘gqual to that of the stable vapéig. 6. Furthermore, in this

region, the work of forming such a bubble is given accu-
rately by the classical theory, E(B). At the other extreme,
near the spinodalA u/A pg,i—1, the assumptions of the
classical theory become increasingly inaccurate, reflecting
the gradual change in the phase transition mechanism from
nucleation to spinodal decomposition. This latter mechanism
is characterized by small amplitude, long-wavelength fluc-
tuations, which within the confines of DFT, results in a criti-
cal bubble that is small, diffuse, and liquidlikEig. 7). En-
ergetically, the formation of such entities requires little work,
since the necessary fluctuations occur almost spontaneously
(Fig. 5. Between the binodal and liquid spinodal, there is a
smooth transition in terms of the energetics, size, and density
of the critical bubble that reflects a competition between bin-
odal and spinodal-dominated behavior. This is exemplified
by the behavior of the density at the center of the bubble

W, /(0.5AuAN¥)

0 0.2 0.4 , 08 0.8 1 (Fig. 8), which initially decreasesclassical behavigr but
Awap,) then increases upon further penetration into the metastable
region, reflecting the fact that the density fluctuations neces-
density functional theory. The line through the points is a guide to the eyeSary t0 form a critical nucleus becom_e Sma_”er n magnitude.
Temperature symbols are the same as in Fig. 1. Figures 15 and 16 show the loci of points in the, )

FIG. 14. Direct comparison of the prediction of EG8) (dashed lingwith
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barrier heights(Fig. 14). Secondly, our work suggests that
the ratioA u/A ugpi, should emerge as a natural parameter in
the correlation of data and in the development of improved
theories of bubble nucleation in superheated liquids. In par-
ticular, the scaling with respect thu/A ugp, implies that
measurements of, e.g., the nucleation rate as a function of
supersaturation at a single temperature can be used to predict
the nucleation rate at other conditions provided an accurate
equation of state is available.
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