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A computational study of homogeneous liquid—vapor nucleation
in the Lennard-Jones fluid
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Umbrella sampling Monte Carlo simulations are used to calculate free energy barriers to
homogeneous liquid—vapor nucleation in the superheated Lennard-Jones fluid. The calculated free
energy barriers decrease with increased superheating and vanish at the spinodal curve. A statistical
geometric analysis reveals the existence of two types of voids: Small interstitial cavities, which are
present even in the equilibrium liquid, and much larger cavities that develop as the system climbs
the nucleation free energy barrier. The geometric analysis also shows that the average cavity size
within the superheated liquid is a function of density but not of temperature. The critical nucleus for
the liquid—vapor transition is found to be a large system-spanning cavity that grows as the free
energy barrier is traversed. The weblike cavity is nonspherical at all superheatings studied here,
suggesting a phenomenological picture quite different from that of classical nucleation theory.
© 1999 American Institute of Physids$S0021-96069)50232-4

I. INTRODUCTION calculate the nucleation rate, that is to say the rate at which
critical nuclei are formed. This important quantity governs

Fundamental knowledge of the transformation of the qu-th ttainabl tent of tration into th ist
uid state of matter into the vapor phase is far from complete. € altainable extent ot penetration into the coexistence re-

Important questions remain, both about the molecula®'®™- In general, the nucleation ratk,can be written as

mechanisms that trigger the liquid—vapor transition, as well

as on the rates at which these elementary processes‘oécur.

This amounts to a significant gap in our present understand- J=A. exp{ _AG) 1)

ing of the liquid state, and one which limits our knowledge kgT /'

of phenomena as varied and important as cavitation erdsion,

sonoluminescenceexplosive boiling®” and the mechanical whereJ is the number of critical nuclei formed per unit time

strength of liquid$. In this paper, we report results of a com- per unit volume;A is a kinetic factor which depends only

putational investigation of the energetics and moleculaweakly on temperatureAG is the free energy barrier to

mechanisms of the liquid—vapor transition; this work is partnucleation, that is to say the reversible work of formation of

of an ongoing project aimed at improving our fundamentala critical nucleuskg is Boltzmann’s constant; and is the

understanding of the rates and mechanisms of this basic phtemperature. The calculation df therefore, entails a kinetic

nomenon. problem (determiningA) and a thermodynamic onleter-
The formation of a vapor phase from a superheated ligmining AG). In this paper, we address the latter problem.

uid is an activated process, in which a free energy barrier For the case of vapor to liquid nucleation, the free en-

must be overcome in order for the phase transition to occulergy barrier, as predicted by the classical theory, is given

This is true for all first-order phase transitions, so long as thdy'°

starting condition is metastable. Surmounting the free energy

barrier amounts to the formation of a critically sized nucleus

of the stable phase from within the bulk, metastable mother 16my3v?

phase. Once the critical nuclei are formed, they grow spon- = W )

taneously. Suspended impurities or container walls can pro-

vide interfaces that lower the free energy barrier to the for'vvhereyis the interfacial free energgurface tension which

mation of critical nuclei. In the absence of such pre-existing usually taken to be the same as that for an infinite planar
interfaces, the formation of critical nuclei occurs by a PrO-interface:v is the specific volume in the liquid phase: and
cess known as homogeneous nucleation, a fundamentgl js the difference in chemical potential between the vapor
mechanism of first-order phase transitions. Classical nucles,q liquid phases at the given temperature and bulk pressure.

ation theory™>° has traditionally provided a qualitative de- Tpe free energy barrier arises as a consequence of two com-
scription of the nucleation process by treating nuclei of th eting effects. On the one side, the formation of the new
stable phase thermodynamically and assuming that such obp4se requires the creation of an interface, which is an ener-
jects are macroscopic in size. A basic goal of the theory is t%etically unfavorable process. The second effect is the
change in chemical potential that accompanies the phase
dElectronic mail: pdebene@princeton.edu transition, which is thermodynamically favorable. One of the
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crucial assumptions in the development of classical nucleforming a critical nucleusdepends on temperature but not
ation theory is that the fluid inside the nucleus behaves as ibn supersaturation. This explains the experimental observa-
it were a uniform, bulk phase. tions of nucleation ratés'? in supercooled vapors. These

It is important to recall that the classical thedry;”  authors also showed that the classical theory provides very
whose basic ideas underlie most discussions of nucleatiopccurate predictions on the number of molecules in the criti-
was originally developed explicitly for treating liquid droplet 4| hycleus, an important quantity that is amenable to mea-
formation from supercooled vapors. Furthermore, its basi¢,rament thanks to the so-called nucleation thed?HThe

premise, namely that the crltlcal'nucleus IS @ MAcroscopIf,,cjeation theorem is an exact relationship between the com-
object amenable to thermodynamic treatment, applies only in

I . . osition of the critical nucleus and the derivative of the free
the proximity of the phase coexistence boundary, that is t(}))

say for small degrees of penetration into the metastable ree_nergy barrierAG, with respect to the bulk-phase chemical

gime. The conceptual picture is that liquidiike embryos arepotennal of a component in the system. Measurements of the

formed by local density fluctuations in a supersaturated vaSUPersaturation dependencies of the nucleatiort 'réftéhen

por. Clusters of some critical size serve as nuclei aroundi€!d; via Eq.(1) and independent knowledge 4f the com-
which the stable phase grows. The key idea is that cluster§0sition of the critical nucleus.

or embryos, grow by sequential accretion of single molecules ~ Reiss and co-workers have developed the concept of a
and shrink by single molecule depletion. In other words, em{physically consistent cluster based on a precise definition of
bryos of the new phase serve as building blocks for the critiwhat constitutes a molecular clustér?’ By doing this, the

cal nucleus. In the case of nucleation in superheated liquidsnolecular configurations that contribute to the partition func-
the situation of interest here, key aspects of the above picturion of the inhomogeneous, supercooled vapor can be enu-
appear problematic. While it is easy to picture the formationmerated, allowing the free energy barrier to liquid droplet
of cavities by density fluctuations in a superheated liquid, thgormation to be determined, although computer simulation is
relation of such objects to critically sized bubbles formed byrequired to calculate this quant#)?® In addition, these au-

a sequential, single-molecule process is not obvious. Thugpors introduced a modified liquid drop theory that combines

the very notion of a spherical, macroscopic critical bubblegjements of the physically consistent cluster approach with

formed by a succession of single-molecule events seems di{he conventional capillarity approximatidh. A kinetic

ficult to reconcile with actual processes occurring on a mo—theory based on the modified liquid droplet mddgjields

lecular scale. . .
nucleation rates that have the same supersaturation depen-

Direct experimental tests of classical nucleation theoryd N the classical theorv. but different temperature d
predictions have only been possible in the last fifteen years,e ce as the classical theory, bu erent temperature de

thanks to the refinement of two techniques, the pistorPe,ndence' .in ggreement WiFh experimental observatioq. De-
chambet* and the thermal diffusion cloud chamiéro the spite the significant theoretical advance that the physically
point of allowing the accurate, direct measurement of nucleSonsistent cluster approach represents, it is only applicable to
ation rates. So far, this has only been done for droplet nucledilute supercooled vapors.
ation from supercooled vapors. These measurements demon- The above advances have been limited to nucleation of
strate that the classical theory provides an accuratéquids from vapors. A very important development that is
description of the isothermal dependence of the nucleationot restricted to vapor—liquid nucleation is density functional
rate upon supersaturation, but fails to describe the temper#gheory. In this approach, pioneered by Oxtoby and
ture dependence. co-workers®—*3one obtains the free energy barrier to nucle-
From a theoretical perspective, the use of macroscopiation by locating the stationary condition of the inhomoge-
and phenomenological arguments to aid in the description ofieous grand potential with respect to the density profile
an inherently microscopic process, as in the classical theorycross the interface between the bulk metastable phase and
leads to internal inconsistencies, several of which have beee nucleus of the stable phase. Although it is a continuum
debated in the scientific literatdfe™ without, until  theory, the length scales over which this approach has been

recently,® satisfactory resolution. An important deficiency of applied are microscopic. Calculations for bubble nucleation
the classical theory is its failure to predict any qualitative;

classical theory does not allow for loss of stability. This '€~ heorv is that it predicts. correctly. a vanishing free ener
quires a detailed treatment of the structure and thermody- Y P ' Y, 9 gy

namics of the inhomogeneous interface between the embry%amer at the spinodal. However, the spherical nature of the

and the mother phase, first accomplished by van der Wals critical nucleus is assumed at the outset, and this is an im-
whose approach subsequently became the core of the cahRortant limitation of the theory, especially at high superheat-
Hilliard theory?° ings. _ _ _ _

In recent years, there have been important advances in Computer simulation has played an important role in fur-
the theory of nucleation, mostly on the formation of a liquid thering the fundamental understanding of the microscopic
phase from a supercooled vapor. McGraw and Laaksdnenbasis of nucleation and its eventual translation into a sound
have shown, using scaling arguments, that the difference béheoretical framework. Early Monte Carlo simulation studies

tween actual and classical barrier heigieversible work of  investigated the free energies of liquidlike clust&
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These studies, along with more recent simulatifnsave  problem is circumvented by biasing the system to sample

clarified the notion of a physically consistent cluster. Modi-rare fluctuations. However, the identification of the resulting

fied microcanonical molecular dynamics has been used witfree energy barrier with the work of formation of a single

some success to study vapor—liquid nucleatioiRecently,  critical nucleus is a more subtle point, requiring in principle

a simulation methodology based on linear response theorthe formation of a well-defined nucleus in an otherwise un-

has been applied by Frenkel and co-workers to predict nucleperturbed bulk. The present work represents a first step to-

ation rates. Their approach consists of dividing the overalivards addressing this question for the liquid—vapor transi-

problem into a thermodynamic and a rate calculation. Theion.

thermodynamic calculation, whose purpose is to compute the The basic idea can be illustrated, for the case of interest,

free energy barrier to nucleation, consists of umbrella samby assuming that there exists an order parameberthat

pling Monte Carlo. It has been applied to crystal nucleationcharacterizes the evolution of a system as it changes from a

from supercooled liquid€=*?and to liquid nucleation from superheated liquid to a vapor. Then, in the isothermal—

supercooled vapof$~#® The thermodynamic calculation isobaric(NPT) ensemble, the probability density of finding

also leads to the identification of the critical nucleus. Thethe system in a state with order paramelér is

kinetic part of the calculation involves performing

molecular-dynamics simulations starting at the top of the

free energy barrier and computing transmission L Javy dgVo[® — d*]-exp{— B[U(QN) + Pe,V]}

coefficients ™24 PO TG dq e LU+ PoT]
Just as nucleation theories have focused mainly on liquid

droplet formation from supercooled vapors, so too have the ©)

majority of computer simulation studies. In particular, there

have been few computational studies of homogeneoushereU(gN) is the potential energy of interaction between

bubble nucleatio”®*” Corti and Debenedetti studied the su- molecules in the systen®,,, is the applied external pressure,

perheated Lennard-Jones fluid using the restricted and voigs is (kgT) !, and 8(x) is the Dirac delta function. The

constrained ensemblé%°These constrained simulations in- integration in Eq(3) is carried out over all possible values of

vestigated the effect of restricting the magnitude of densitysystem volumey, and all possible values of molecular co-

fluctuations or the size of voids on the structure and thermoerdinatesgN. The Gibbs energy is given by

dynamics of the superheated liquid, which was effectively

prevented from phase-separating. In Ref. 48 umbrella sam-

pling simulations were performed on small systems to exam-

ine the height of the free energy barrier and the transition G=- E'n Qe (4)

from nucleation to spinodal decomposition. Together with

subsequent studi€8,showing the importance of investigat- ) ) ) ) N )

ing the statistics of fluctuating void space in the superheate§N€re Qnpr is the isothermal-isobaric partition functich.

liquid, these investigatiod&° provide the basis of the From this, it can pe seen that the free energy can be ex-

present work. pressed as a function of the order parame®gp)

In this paper, we investigate the free energy barriers to
nucleation in the liquid—vapor transition in the Lennard- 1
Jones fluid. We also apply a statistical geometrical analysis G(d)=
i - . =c— 5InP(D), 5
to study the voids and cavities that form in the superheated (®) B (®) ©
liquid. This work is part of an ongoing project aimed at

improving our current understanding of the energetics, kinet\'/vherec is a constant, whose value is not important for

ics, af“‘ MICTOSCOpIC _me_chamsms of homogeneous nucl yresent purposes, since we are only concerned with free en-
ation in superheated liquids through molecular-based co

ter simulai Th is structured as foll Secii ergy differences. The task of calculatig(®) reduces to
puter simulations. The paper is structured as follows. Sec 'O§1e calculation oP(d), given in Eq.(3).

{Ihezpl?mls tr]l(_atstrate]gy to tcat_lculate frge enersgy bﬁlrrlgrs, 6|T We note thatP(®) is an equilibrium property of the
€ details ot its implementation are given in Sec. 1il. Resu Ssystem. If one were to use conventional Metropolis Monte

are presented and .d|scussed in Sec. IV. The main Cond_tfiarlo53 to calculate this probability distribution, one would
sions and suggestions for future work are presented "®nd that the statistics so gathered are only successful in de-
Sec. V. scribing the system in its metastable superheated liquid
phase and stable gas conditions, but not in the intermediate
states traversed in going from a metastable to a stable con-

In order to investigate free energy barriers to bubbledition. This is so because in the Metropolis algorithm, the
nucleation, it is necessary to examine infrequently sampledyrobability of sampling high-energy configurations, being
high-energy configurations. The technique used to accongoverned by the Boltzmann factor, is small, resulting in poor
plish this is umbrella sampling Monte Carlo, developed bystatistics for intermediate values of density, such as are of
Torrie and Vallea®! interest here. In order to sample high-energy configurations

Although fluctuations become more infrequent as theefficiently, we multiply and divide Eq(3) by a biasing func-
size of the system is increased, in umbrella sampling thision, w(®P)

Il. UMBRELLA SAMPLING
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JaVfdgha[ @ —@* Jo H(P)w(P)exp[— BLU(GN) + PexV]}

P(®*)= AV dgVe X @) w(®)exp{— BIU(QY) + PeV]}

(6)

Introducing w(®) allows one to calculate equilibrium prop- quired system size, for a given supersaturation. The inset to
erties while sampling from a non-Boltzmann probability dis- Fig. 1 shows the conditions simulated in this work. The
tribution, w(®)exp{—BUQ"Y) + Pe,V]}, no matter how un- sample size was chosen to be 3500 Lennard-Jones atoms.
physical the biased distribution might be. Essentially, one isThis is the number of atoms that will hold a critical nucleus
simply biasing the simulation to explore infrequently at 8.2% superheating, using a reduced saturation pressure
sampled regions of phase space, and then correcting for tH®* =P/ €) of 0.0463. Interactions were truncated beyond
bias at the end. The correction that must be applied can b& distance equal to one-fifth of the simulation box length, and
seen more clearly by expressing E®) in the following this truncation was compensated by using a long-range

manner: correction? A vectorized version of a linked-cell [Rtwas
S(D— D) implemented to speed up the simulations.
<—> The relevant order parameter that characterizes the sys-
e o(P) o tem as it changes from liquid to vapor is the reduced number
P(®%)= 1 ' @) density,p, which can be conveniently expressed as follows:
(@)
¢ - , o= P Pliquid (9)
where the( ), denotes average quantities as determined us- Pgas™ Piiquid

ing the biased distribution. The biasing function is chosen so N

that sampling is performed within an order parameter win-Wherepiquia ndpgasare the reduced number densities of the
dow of width Ad. Thus, a series of umbrella sampling runs COGXIStIQg liquid and vapor phases. at the saturation pressure
are performed on several adjacent order parameter window®=No/V). At the chosen saturation conditiongquiq and

to obtain an entire free energy curve. The size of the samPgas@re 0.633 and 0.047 78, respectivelyranges from zero
pling windows need not be uniform, and the windows can" the liquid phase to unity in the vapor phase. the that thls
overlap if desired. Within each window, the relative free en-iS @ global order parameter, and it does not specify anything
ergy curve is calculated by Monte Carlo simulation and therf Priori regarding the internal structure of the system.
curve-fitted to a polynomial inb. The free energy curves

from adjacent windows are then “linked” by adjusting the

value of the constant in the curve fit. One can think of this 9

series of simulations as the computational equivalent of
moving the system reversibly in order parameter space sc w0 L
that all of the important states in configuration space are well
sampled as the phase transformation takes pface. W

F
IIl. SIMULATION DETAILS 10 |

Nucleation experiments are normally conducted at con-Z
stant pressure and temperature, and we have therefore chos 10" f
to conduct our calculations of free energy barriers in the NPT
ensemble, fixing the pressure at the saturation pressure ar 10" f
varying the temperature to create superheating.

In order to estimate an adequate system size for the 1¢° }
simulations, we invoke classical nucleation theory. Since the
pressure in the critical nucleus is approximately equal to the 44?2 . : . .
vapor pressure at the bulk temperattiteye write, for the 0.00 0.04 0.08 012 0.16
radius of the critical nucleus Superheating

2.), FIG. 1. Number of molecules in the simulation céM) required to accom-
==, (8) modate one classical critical nucleus as a function of superheafliyg, (
Py(T)—P

—Tsa) Tsar, WhereTg;,, is the simulation temperature afid,, is the satura-
whereP,, is the vapor pressure at the given temperature, anﬁO

*

n temperature at the given pressure. Surface tension data of Abbas and

. ) . . ordholm (Ref. 65 were used in conjunction with E@48) to perform the
P is the bulk pressure. This allows the determination of theaiculation. The labels on the curves correspond to different temperatures,

size of a simulation box necessary to hold the criticalexpressed in units of/ks, wheree is the Lennard-Jones energy akglis
nucleus. If one assumes bulk liquid conditions, then a conBoltzmann’s constant. The inset shows the state conditions simulated in this
. . . ' rk (@), corresponding to a pressuRE* =0.0463. Also shown are the
servatlv_e estimate for the s_ystem SIz€ an b_e made. Theggculated binodal(—) and superheated liquid spinodét—-) for the
calculations are shown in Fig. 1, from which it follows that  ennard-Jones fluidRef. 56. Pressure is given in units ef %, and tem-

the higher the saturation temperature, the smaller the reperature is given in units af/kg .
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Local order parameters have been used in free energ 80
barrier calculations of liquid droplet and crystal
nucleation*=® They have the advantage of providing an
unambiguous interpretation of the free energy barrier as the gg |
reversible work needed to form single critical nucleus.

Corti and Debenedeffi used a local and quantitative mea-

sure of void space in their study of the superheated Lennardl_
Jones fluid. They measured the largest sphere that could by
inserted in a void without overlapping with the surrounding &
atoms. Work is in progress on the efficient implementation<'
of this type of local order parameter for the bubble nucle- 20 | 9.1%
ation problem, in particular on its generalization from voids
to bubbles. Here, we report on umbrella sampling simula- 10%
tions that employ the bulk density as a global order param- ¢ |
eter, and we present a possible local order parameter defini
tion in Sec. V. o 0.0 0.2 0.4

Within each order parameter sampling window, the um- ®
brella sampling simulations were conducted as follows. We
define a sampling window a®* =(Ad/2). For each sam- FIG. 2. Free energy curves calculated by umbrella sampling for the

. . T . . . Lennard-Jones fluid at superheating®,~(Tsa)/Tsar» Of 8.2%, 9.1%, and
pl'ng window, an initial random configuration CorreSpondmg 10.0%. Thex axis is the bulk density order parameter, defined inEj.it

to ®* was generated. Each configuration was then equiliequals zero for the saturated liquid and is unity for the saturated vapor.
brated for 2500 MC cycles. One cycle in the equilibration

period consisted of each molecule being subjected to a trial

move. The percentage of accepted molecule moves wd§ be investigated systematically. Work is in progress on
maintained at~50%. Statistics were then gathered overboth these questions.

35000 MC cycles, in which volume displacements were con-

ducted with the same probability as molecule displacementdV. RESULTS AND DISCUSSION

In the production portion of the simulation, one cycle con-

sisted ofN trial molecule displacements amitrial volume culations were performed at five different temperatures, or

g'ssgéarﬁe'?ﬁgtsérvggs{s :asgpzcggﬂzgr;zgz::cagzr&rt:sewsu erheatings, at a fixed external presdeife=0.0463. The
y ’ P g P P culated free energy curves at 8.2%, 9.1%, and 10% super-

i i 0, 1 -

e e Ao o et . haing re shawn n Fi . Th oo f e e eney

cient statistics within the order parameter sampling Windowmlnlmum and maximum for each curve is given in T_able .

The relative free energy curves from each sampling Wil’ldOV\.Ia-S are _the calculatet_j values of the fr(_ae energy barrier from

were fitted to third degree polynomials and the constant inS|muIat|op a_nd (.:laSSICal theory. In a sw_nulatmn, the free en-

the polynomial adjusted such that curves from adjacent win?rgy. barrier is simply .th.e free energy difference between t.he
: maximum and the minimum along a constant superheating

dows fitted smoothly.

- . curve. The free energy minima in Fig. 2 are only local meta-
foIIo-\l/—vri]r?gt:‘lcyarsrrlrgvi:cﬁiacggzrﬁug% F\;;Ilﬁz \(I:VT:SSVT/ to be of the sta.ble minima, the global minimum being Iocatedd&tcl,'
' which corresponds to the gas phase. Using the equation of
state of Johnsomt al,>® we have verified that the density
o(®)=expla—b(® ya— P)%}. (10 corresponding to the local free energy minimum is the den-
sity of the liquid at the given pressure and temperature. It can
The logarithm of Eq(10) is a parabola, which we demand to be seen from Table | and Fig. 2 that the free energy barrier to
be concave down®d .., is the location of the parabola’s nucleation decreases as the thermodynamic driving feuce
maximum,b adjusts the width of the sampling window, and perheating increases. Furthermore, the local free energy
ais a constant, whose value is chosen for numerical conveminimum shifts towards lower densities upon increased su-
nience. Adjustment ob and @, biases the simulation to perheating, reflecting the fact that the liquid’s density de-
preferentially sample configurations within the desired ordeicreases upon isobaric heating. Both of these trends are in
parameter window. accord with thermodynamic expectations. At present, it is
In the following section, we present simulation resultsnot possible to tell whether the agreement with classical
that are in satisfying agreement with expected thermody-
namic trends, such as a decreasing free energy barrier with _
increasing temperature, and stability loss in the spinodal relABLE ! Summary of umbrella sampling results.
gion. Relatively large system siz€3500 were employed to  (t—1_y/T., D Doy AGy, /KT AGyuel KT
this end. However, because the simulations use a global of
der parameter, both the sample size dependence of the cal- 8.2% 0.140 0.470 21 5
. - . . 9.1% 0.161 0.405 24 37
culated free energy barriers and their difference, if any, with ;4 504 0.191 0.376 10.5 21
respect to values obtained using a local order parameter need

8.2%

As shown in the inset to Fig. 1, free energy barrier cal-
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FIG. 3. Free energy curves calculated by umbrella sampling for theFIG. 4. Cavity size distributions at 8.2% superheating at various values of

Lennard-Jones fluid within the unstable regid2% superheatingand at a the order parametef(V,) is the fraction of the total number of cavities of
limit of stability (Ref. 56 (11% superheating Size V¢ay- Veay IS the volume fraction of the simulation box at the given

density. A bin size of 58107 ° in volume fraction units was used to cal-
culate these distributions.

theory at 8.2% superheating signals the attainment of
asymptotic convergence close to coexistence, or whether itnreliable because of finite size effects. We simply note that
represents the crossing of two curves. Elucidation of thishe agreement between the umbrella sampling calculations
guestion requires simulations closer to coexistence, andnd the prediction of the empirical but accurate equation of
hence much larger sample siZ&g. 1). Work is in progress  state of Johnsoet al®® is very good.
on the parallelization of our code to handle larger systems.  Umbrella sampling allows not only the thermodynamics
One of the important limitations of classical nucleation of homogeneous nucleation to be studied, but also the nature
theory is that it predicts a positive free energy barrier at theof the pre-critical and critical structures that develop as the
spinodal. Theories that appropriately take into account theystem climbs the free energy barrier. This is done by gen-
nonuniform nature of the interface between the embryo anérating configurations during the course of umbrella sam-
the bulk metastable fluid, on the other hand, correctly distinpling runs for subsequent analysis. This type of analysis has
guish between unstable and metastable states. Examples lifen done for vapor—liquid and liquid—solid nucleatfor®
this are density functional theory and the van der Waals-but to our knowledge not for liquid—vapor nucleation. The
Cahn—Hilliard theory of interface’$:?°In order to study the relevant structures of interest here are low-density regions
behavior of the free energy barrier at large superheatings, wiat eventually grow to form a critical nucleus of the vapor
first performed umbrella sampling simulations at a temperaphase. To search for such low-density regions, we focus our
ture in the unstable region of the Lennard-Jones liquid, usingttention here on cavities, which we define to be connected
a superheating of 12%. As shown in Fig. 3, there is no freeclusters of voids. Voids are defined to be the empty space not
energy barrier under these conditions. This is consistent witikontained within the exclusion spheres of any atom in the
the fact that within the unstable region the phase transitiosystem. We took the radius of an atom’s exclusion sphere to
occurs by spinodal decomposition, that is to say, by thée the Lennard-Jones To study cavities, we implemented
spontaneous growth of density fluctuations exceeding a critiour recent void analysis algorith? which not only identi-
cal wavelength. No barrier crossing is required in this casefies individual cavities, but also calculates exactly the vol-
Using the Johnsoat al>® equation of state, the spinodal ume of each cavity in any configuration bf monodisperse
temperature at the given pressure was determined, and wapheres. The reader is referred to the original paper by Sastry
found to correspond to 11% superheating. The free energgt al® for details. We simply note here that the identification
curve for the system at this condition is also shown in Fig. 3of individual voids involves, as a initial step, a dual
The inflection is consistent with the system reaching a staVoronoi—Delaunay tessellation, applied to each configura-
bility limit. Comparison of the free energy profiles at 10%, tion of interest.
11%, and 12% superheatirigigs. 2 and 3shows that there We first examined the distribution of cavity volumes for
is a transition from metastability to instability around 11% the Lennard-Jones fluid at various densitiesler parameter
superheating. In reality, the transition from metastability towindows at 8.2% superheating, as shown in Fig. 4. The two
instability occurs over a narrow range of superheati{ig® extreme densities shown represent the system at its meta-
the spinodal being a useful idealization that becomes exact istable free energy minimuig@=0.14), and at the top of the
the limit of infinitely long-ranged interactions. A precise lo- free energy barriet®=0.473. The x axis gives the cavity
cation of this transition region by molecular simulation is volume normalized by the simulation cell’s volume. The
difficult because the correlation length becomes very large imxis gives the fraction of cavities with the given volume. For
this region, and calculations such as the present one becoreach reduced density, the number of cavities within a given
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FIG. 5. Average cavity voluméV.,,, as a function of the order parameter
(reduced densityat three different superheatings, 8.2%), 9.1%(+), and
10.0%(V). Note that all points fall on the solid line, an exponential fit of the
data.

FIG. 6. Cavity(dark and bulk(light) atoms corresponding to an umbrella
sampling configuration at the top of the free energy barrier, at a superheating
of 10%.

size range was counted in 200 configurations, and the distri-

bution was then normalized by the total number of cavities
found in each set of configurations. We chose our cavityity volumes at the three superheatings fall on the same curve,
volume bin size to be %10 ° in volume fraction units. Not an exponential function of the order parameter, indicating
shown in Fig. 4 is a large single peak, approaching unity athat the mean cavity volume is a function of density only.
the smallest volume fraction. This feature was observed at alfhe average cavity volume, in other words, is determined
densities, including the saturated liquid and the metastablsolely by geometry. A similar result was found by Sastry
liquid at the minimum of the free energy barrigfig. 2). It et al,5! for the free volume in the hard sphere fluid. In that
corresponds to interstitial, not connected, voids. There is &ork, the free volume was defined as the volume of the
fine structure within this “peak,” and voids can be found cavity that results when a hard sphere is removed from a
with volume fractions as low as 1% However, we have given configuration. While statistical geometry and thermo-
omitted this from Fig. 4 because this feature does not changgynamics are one and the same thing for hard spheres, it is
as the superheated liquid climbs the free energy barrier; isurprising to find a similar result for the Lennard-Jones fluid.
represents a “background” of interstitial voids that is The expectation is, therefore, that the influence of tempera-
present at all densities. ture, that is to say the deviation from purely geometric be-
Figure 4 clearly shows that as the system climbs the fre@avior, should manifest itself in the higher moments of the
energy barrier, a large void space begins to appear. This voicavity volume distribution. Work is in progress on this as-
space takes the form of a single cavity that spans the entingect of the problem.
system. At each reduced density, there is a finite range of It has already been mentioned that there exists a large
sizes that this single cavity can take, as shown in Fig. 4. Weavity that grows as the system climbs the free energy bar-
found no cavities of intermediate sizes lying between thaier. At the top of the free energy barrier, this cavity should
system-spanning and interstitial extremes. The size of thibe the critical nucleus for the liquid-vapor transition, and it is
dominating cavity increases as the free energy barrier ithus of great interest to examine its salient characteristics,
climbed and the bulk density decreases. This trend is in aawhich we show in two complementary wa$fsThe first ap-
cord with physical intuition, and it is this cavity that serves proach is to identify Lennard-Jones particles as either cavity
as the pre-critical and critical nucleus for the phase transier bulk atoms. The former are those atoms whose Delaunay
tion. simplex contains a Voronoi vertex that lies within the cavity
For each cavity size distribution curve, or equivalently, region® In short, we identify those atoms that are associated
for each reduced density shown in Fig. 4, we calculated thevith the large cavity and those atoms that are not. This is
average cavity volume at 8.2% superheating. The averagehown in Fig. 6, where the dark atoms are associated with
cavity volume was calculated by determining the total cavitythe single system-spanning cavity, as identified by the algo-
volume in each set of 200 configurations generated at eadtithm (periodic boundary conditions were ugedhe light-
reduced density, and dividing by the total number of cavitiesshaded atoms are bulk atoms. We note that the configuration
(including the interstitial voidsfound in the set of configu- in Fig. 6 corresponds to a system at 10% superheating at the
rations. This average cavity volume is shown in Fig. 5 as @op of the free energy barrier, which should contain the
function of reduced density together with similar calculationssmallest critical nucleus of all the simulations conducted in
for 9.1% and 10.0% superheating. We find that average cavthe metastable region. Alternatively, we can show the actual
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FIG. 7. Central portion of the system-spanning cavity at the top of the free
energy barrier, at 10% superheating. This was obtained from the molecula
configuration presented in Fig. 6. This cavity region was identified by first
locating Voronoi vertices that lie in the cavity. The cavity space was then
filled in by shooting spheres of radius 0.@98andomly around the Voronoi
vertices. The actual atoms have been removed from the picture. Side length
of depicted cube is 0.3 of simulation box. FIG. 8. Cavity pockets in the equilibrium Lennard-Jones liquid at saturation
(P*=0.0463,T*=1.10. Different cavities are denoted by different shad-
ings. Periodic boundary conditions are used. Full simulation box shown;
cavity and remove the atoms. This is done in Fig. 7, whichactual atoms removed for clarity.

shows only the central portion of the system-spanning cavity.

It is clear that there exists a weblike cavity network thatlvIonte Carlo simulations provide results that are in agree-

pe.rcolates thrpughqut the system. This type of cavity al.s?nent with the expected thermodynamic trends. In particular,
exists for configurations at the top of the free energy barrier . ; .
. . : o we find that the height of the free energy barrier to nucle-
at other superheatings, including 8.2%, which is as close tQ.. ; S
) : " ation and the density of the bulk superheated liquid decrease
coexistence as we can currently simulate. These cavities are . ; : " . .
) . . upon isobaric heating. In addition, the technique predicts,

far from spherical, in all cases, and this represents a marke L :
o . . ; .correctly, the vanishing of the free energy barrier to nucle-
deviation from the picture assumed in classical nucleation . . . .
theory ation upon sufficiently deep superheating, in contrast to the

- . classical nucleation picture.
For completeness, we show the cavities that exist in the : . : S .
A geometric analysis reveals that in the equilibrium lig-

equilibrium liquid in Fig. 8. In the stable, equilibrium liquid, uid there is a large population of small interstitial voids that

there is no cavity network, but several small, separate CaVit(yare formed by local density fluctuations, along with fewer

pockets. These cavities grow and coalesce to form a Iarggn d larger cavity pockets. In the metastable. superheated
weblike cavity as the system climbs the free energy barrier, 9 y P )  SUp

Tius i gt be possble 10 Nk of he proces of pre- T 01es 10U, e o 2 e spanei, vebike
critical bubble growth in terms of the sequential accretion of VI 9 P N

individual cavities in analogy to the classical liquid drop free energy barrier. This large cavity is formed by the coa-

: . ) : lescence of small interstitial voids and cavity pockets. The
model. Although this parallelism might seem attractive, the . .
. . : : conceptual picture that appears to emerge from the cavity
weblike character of the nonspherical cavity network is more - . : S . .,
nalysis is one in which the liquid “tears itself apart” as the

indicative of pervasive loss of cohesion during the course oﬁ : . o _
A L . . - liquid—vapor transition takes place. This is rather different

the liquid—vapor phase change. This is quite surprising, in . . . "
. - I rom the classical picture of spherical bubbles as critical nu-
that we have simulated a liquid under positive external pres-, . . .
. cael. Our work, as well as the recent interesting study of

sure, and we must therefore conclude that the cavity-based ..~ " I : .

: . . ; : cavities in supercritical watéf, point to the useful insights
analysis reveals a picture quite at odds with classical nucle- . o
. into fluid structure than can result from a statistical geomet-

ation theory. . . . :
ric analysis of fluctuating void space.
Work is currently in progress on simulations with larger
systems. This will allow for the investigation of the sample-
We have shown that umbrella sampling is a conveniensize dependence of the calculated free energy barriers, as
method for calculating free energy barriers to homogeneousell as of the large cavities, which scaling arguméhssig-
nucleation of a vapor phase from a superheated liquid. For gest should reach an asymptotic size. We are also planning to

system of 3500 Lennard-Jones atoms, umbrella samplingtudy the rate of nucleatidt.The approach which we have

V. SUMMARY
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