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Reversible work of formation of an embryo of a new phase
within a uniform macroscopic mother phase
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A thermodynamically consistent formalism is derived for calculating the reversible work needed to
form a small amount of a new phase~embryo! within a uniform macroscopic mother phase. The
treatment goes beyond the classic work of Gibbs, who solved the problem for the particular case in
which the embryo is in equilibrium with the mother phase, constituting a so-called critical nucleus.
The formalism results in a new expression for the reversible work of embryo formation, the extrema
conditions for which yield the correct conditions of equilibrium between the critical nucleus and the
mother phase, as well as Gibbs’ result for the reversible work needed to form the critical nucleus.
The new expression for the work of embryo formation differs from the one commonly used in the
nucleation literature. In order to extend the Gibbsian formalism to noncritical nuclei, it is necessary
to introduce a constraint that prevents the free transfer of matter between the embryo and the mother
phase. The present approach is valid in the limit in which curvature contributions to the interfacial
energy can be neglected. ©1998 American Institute of Physics.@S0021-9606~98!50513-2#
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I. INTRODUCTION

The reversible work of formation of a small fragme
~embryo! of a new phase is of primary interest in the field
nucleation, where it can represent the initial free energy b
rier that a metastable system must surmount in passing f
a local to a global minimum in a coarse-grained phase sp
In a fully molecular theory this initial process would involv
the formation of some appropriate molecular cluster t
later develops into a recognizable piece of the new ph
However, such molecular theories are not generally av
able, so that workers have been forced to rely on quasip
nomenological theories1–5 in which the initial fragment is
treated as though it werealreadya piece of the stable phas
appropriate allowance being made for surface effects. Un
these circumstances, methods that are purely thermodyn
can be used for the evaluation of the free energy cha
involved in its formation.

In spite of the widespread interest in the problem, f
thermodynamically rigorous treatments exist. Gibbs6,7 con-
sidered only that fragment of the new phase that serve
the ‘‘nucleus’’ for the phase transition~i.e., a fragment that
would be at least inunstableequilibrium with the mother
phase!. Nishioka and Kusaka8 extended Gibbs’ treatment t
embryos of arbitrary size, but without properly accounti
for the constraint that, as we show below, must be introdu
in order to consider this situation. Recently, the thermo
namically rigorous extension of the Gibbsian approach
arbitrarily sized embryos of the new phase has been deriv9

However, this derivation appears as an appendix to a mo

a!Corresponding author.
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graph and is therefore rather condensed and not well-su
to the discussion of the many subtleties of the problem. S
a detailed analysis is the objective of this work.

This paper is organized as follows. In Sec. II, which
didactic in nature, we review the central role played by co
straints in the rigorous treatment of equilibrium criteria. Se
tion III revisits the Gibbsian treatment of fluid interfaces.
Sec. IV we extend the Gibbsian treatment to the general c
of arbitrarily sized embryos that are not in equilibrium wi
the mother phase. In Sec. V we derive the reversible work
formation of an embryo of a new phase within a homog
neous mother phase. Conclusions are presented in Sec.

II. CONSTRAINTS

Constraints play an overwhelming but usuallyhidden
role in thermodynamics10–13and they are particularly impor
tant in the problem before us. To facilitate discussion, it
therefore worthwhile to consider the role of constraints a
their relation to both work and thermodynamic potentials
is convenient to begin with the following expression th
combines the first and second laws of thermodynamics,

DU2E T dS1W01W150. ~1!

In this expressionDU represents the change in the intern
energy of aclosed system that accompanies a particu
changeof state, whileT is the temperature andS represents
the entropy of the system. The change of state is here c
sidered to be accomplished by means of a reversibleprocess
so that the integral in Eq.~1! is the heat absorbed by th
system during this process.W0 and W1 denote reversible
work performedby the system~positive when the system
8 © 1998 American Institute of Physics
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performs workon its environment! during the process. To
illustrate the meaning ofW0 and W1 , suppose that we ar
interested in describing the state of equilibrium of a syst
that is set up~constrained! to perform work only of type 0,
i.e., W0 . It is then convenient to write Eq.~1! as

DC5DU2E T dS1W052W1 , ~2!

whereDC is only a symbol for the collection of terms con
stituting the middle expression on the right~i.e., is not meant
to represent a change in a quantityC!. In order to make
things more concrete, assume thatW0 is volume work. Then
Eq. ~2! may be written as

DC5DU2E T dS1E P dV52W1 , ~3!

whereP is the equilibrium pressure of the system andV is
its volume. Suppose now that the system has achieved a
of equilibrium subject to constraints that allow it to perfor
only volume work. Since the system is in equilibrium subje
to those constraints, it can only be driven away from
given equilibrium state into other equilibrium states throu
the application of another constraint, and this constraint m
obviously perform work on the system while driving it awa
We can assume that the constraint utilizes a reversible
cess for this purpose, and then the work that it performson
the system can be represented by2W1 in Eqs. ~2! and ~3!.
Since work is being performedon the system,W1 is negative
and 2W1 must be positive. Thus however the system
driven away from the state in which it can only perfor
volume work~whatever additional constraint is applied! DC
for the change of state must be positive. The additional c
straint is accompanied by an additional independent varia
and the reversible path defined by the constraint is a
quence of equilibrium states characterized by one more v
able than the initial state. Thus the variation may be thou
of as one that carries the system from an equilibrium c
trolled by sayn variables to one controlled byn11 vari-
ables. Since2W1 is always positive, provided that none o
the original constraints are removed, it should be clear
the quantityDC is minimized at the initial state.

To summarize, then,W1 is the reversible work per
formed by the system on the environment during the rev
ible removal of a constraint~i.e., work performed against th
constraint! that drove the system away from its initial equ
librium state.W0 differs from W1 in that, in the absence o
the constraint, the system can perform only work of type
Equation~2!, as written, includes only two kinds of work
but it could include additional types.The kinds of work de-
pend on how the system is set up. This is the key point that
we wish to emphasize. An equilibrium state of the system
subject to certain constraints. These can be varied in su
manner that the system either performs reversible w
against a constraint~i.e., on its environment! or such that the
constraint performs reversible work on the system durin
process leading to a change of state. The constraints d
mine the kinds of work of which the system is capable. Th
Downloaded 22 Aug 2001 to 128.112.35.162. Redistribution subject to A
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also determine the number of independent variables that
scribe the system. The addition of a constraint amounts to
addition of a variable.

Thus far our argument has concentrated onstableequi-
librium. For unstableequilibrium a similar argument can b
used for the properties ofDC, but then one must conside
reversible paths that are generated by the reversibleremoval
of a constraint such that2W1 is negative rather than pos
tive, i.e., the system does workagainstthe constraint. In both
casesthermodynamic potentials~functions of state whose
variations imitateDC! exhibit extrema in the initial state o
equilibrium. However, there are cases that we discuss be
in which a saddle point rather than an extremum is involv
Then both situations are possible, depending on the pat
the variation.

Our interest is in the properties of the initial equilibrium
and not in the equilibrium states generated by the constra
so it is unnecessary to specify the detailed nature of the
ditional constraint. Different constraints will however gene
ate different paths of displacement from the initial equili
rium, and in the usual strategy, the path rather than
constraint is specified. That strategy is the following. O
constructs a thermodynamic function of state whose cha
imitates DC on the particular path generated by the co
straint. Then,on that path, the function of state must be
minimized in the initial state sinceDC is minimum on any
path at that state. Such a function of state serves as a
modynamic potential for the system in question. Many th
modynamic potentials for the same system and for the s
equilibrium state can be constructed by imitatingDC. If the
system in its original equilibrium state is allowed to perfor
other kinds of work, additional to volume work, then th
constructed thermodynamic potential and/or the path of
placement will have to contain terms and features that refl
this fact.

An important use of the thermodynamic potential is t
provision of a differential equation useful for the descripti
of the internal equilibrium of the system subject to the init
constraints. For example, in a closed system and along a
of constantT and P, the Gibbs energy can serve as a th
modynamic potential. Thus for a system constrained to p
form only volume work, the Gibbs energy is minimized
the initial equilibrium state along a path of constantT andP,
and we can write~for that state!

~dG!T,P50. ~4a!

If we choose a path of constantS andV, the energy serves a
a thermodynamic potential and we can write

~dU !S,V50. ~4b!

In the case of a saddle point, an extremum of the thermo
namic potential is not involved, but Eqs.~4a! and ~4b! and
similar equations for other thermodynamic potentials still a
ply. Thus we achieve a description of internal features of
equilibrium system so constrained that only volume work
possible for the system.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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III. PRELIMINARIES TO THE DERIVATION OF THE
WORK OF FORMATION OF AN EMBRYO OF THE NEW
PHASE

The preceding section, didactic in nature and poss
repetitious of ideas familiar to many readers, is useful
emphasizing conceptual material that tends to be hid
even though it forms the foundation of a rigorous derivat
of the work of formation of an embryo of a new phas
Furthermore, before advancing to the derivation itself, it
convenient to list some of the most important definitions a
relations of the conventional Gibbsian approach to the th
modynamics of interfaces.6,7,9

Most readers should be familiar with the concept of t
Gibbs dividing surface, a mathematical construct whose co
tour conforms to that of the physical transition zone with
which the properties of one phase change continuousl
those of the contiguous phase. The position of this divid
surface along the local normal to the physical contour can
chosen arbitrarily, but in practice it is convenient to limit th
choices. Having made a choice, one treats the inhomo
neous system formally as though the densities of vari
extensive properties in the coexisting bulk phases rem
uniform up to the dividing surface. An accounting of th
total amounts of the various extensive properties in the s
tem, on this basis, will then be in error. For a given extens
quantity, the difference between the actual total amount
the ‘‘spurious’’ amount calculated assuming uniformity
intensive properties up to the dividing surface is defined
the surface excess. For example, consider a not necessar
closed system consisting of two coexisting phases, one
noted by a single prime and the other by a double prime
the volumes~defined by the dividing surface! of the two
phases areV8 andV9, respectively, and the uniformdensities
of say the internal energies are denoted byu8 andu9, then
the surface excess of internal energy is prescribed by

Us5U2u8V82u9V9, ~5!

whereU is the actual total internal energy in the system a
the superscripts denotes a surface excess quantity~s will
also be used to denote the surface tension!. By considering
the usual thermodynamic expressions for the differentials
the various extensive variables for the imagined prim
phases as well as for the actual total system and choo
reversible paths for the associated differential changes
state, it is a straightforward matter of ‘‘balancing the book
to show6,7,9 that, for changes that do not alterV8 andV9 or
the shape and extent of the interface between the phase

dUs5T dSs1(
i

m i dNi
s , ~6!

wherem i is the chemical potential of thei th species, and it is
assumed that the constraints on the system allow that sp
to be freely transferred to the interface. Equation~6! and
similar relations between excess quantities are obtained
default as a result of ‘‘balancing the books.’’ They allow
to consider an ‘‘excess’’ system whose thermodynamic v
ables are connected by relations that satisfy the requirem
of thermodynamics.
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The derivation of Eq.~6! involves an additional consid
eration. It is allowable to defineV8 and V9 so that each is
bounded, not only at the interface but everywhere, by
mathematical surface itself immersed in the bulk phase
this way it is not only easy to maintain the volumes fixed, b
also to avoid the introduction of other physical surfaces
sides the interface and the additional surface properties
would then have to appear in relations such as Eq.~6!.

If the shape and extent of the interface is allowed
vary, then the quantities that describe these variatio
namely the interfacial area and the local principal curvatur
enter the picture as additional thermodynamic variab
However, Gibbs showed how the differentials of curvatu
could be eliminated from explicit consideration~provided
that the local radii of curvature were large compared to
physical thickness of the interfacial transition zone! through
the choice of a particular dividing surface. In particula
choice of this dividing surface yields as a condition of m
chanical equilibrium the well-known Laplace relation b
tween the pressures on the convex and concave sides o
surface, namely,

DP5sS 1

r 1
1

1

r 2
D , ~7!

where r 1 and r 2 are the principal radii of curvature. For
curved interface the surface tensions depends, in general, o
the choice of dividing surface ands appearing in Eq.~7!
refers to the dividing surface in question which is itself r
ferred to as the ‘‘surface of tension.’’ The variation of su
face tension with choice of dividing surface is nonphysical
the extent that it is a consequence of this choice, and
corresponding derivative of surface tension is therefore o
referred to as a ‘‘notional’’ derivative. However, it should b
indicated that for a plane surface~zero principal curvature!
the surface tension is independent of the choice of divid
surface, a result that is closely connected to the fact that,
a flat surface, the pressures on opposite sides of the inter
are equal, and implies that the surface tensions corresp
ing to all choices of dividing surface converge to one va
for the case of a flat surface. In any event, the import
result that can be demonstrated6,7,9 for the surface of tension
is

dUs5T dSs1(
i

m i dNi
s1s dF, ~8!

whereF denotes the area of the interface, and the surf
tensions is in essence defined by its position in this equ
tion. The termsdF clearly represents surface work, and E
~8! gives the changes in energy associated with revers
variations about a particular initial equilibrium state, sa
variations allowing for changes in the shape of the interfa
It is understood that the dividing surface is chosen as
surface of tension, so that changes of curvature do not c
tribute additional work terms. Integrating Eq.~8! along the
interface while maintaining the intensive variables,T, m i ,
ands constant, we find

Us5TSs1sF1(
i

m iNi
s . ~9!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Taking the differential ofUs and substituting Eq.~8! yields

Ss dT1F ds1(
i

Ni
s dm i50, ~10!

and dividing byF we get

ss dT1ds1(
i

G i dm i50, ~11!

with

ss5Ss/F; G i5Ni
s/F, ~12!

whereG i is the ‘‘superficial density’’ of componenti .
Dividing Eq. ~9! by F, taking the differential of the re-

sult, and substituting Eq.~11! yields, withus5Us/F

dus5T dss1(
i

m i dG i . ~13!

We reiterate that Eq.~9! is valid for the surface of ten
sion and for the case where the various components
freely transferable between the two phases and the inter
coexisting in equilibrium. Thus for example, if one phase
a small liquid drop and the other phase the correspond
vapor, the pressure of the vapor should be equal to the v
pressure of the drop. This equilibrium is generally unstab9

but it is an equilibrium.

IV. EXTENSION TO PHASES NOT IN EQUILIBRIUM

We now extend the previous treatment to the case wh
the two phases are not in equilibrium, or, equivalently,
arbitrarily sized embryos. For example, we may wish to c
sider the case of a droplet surrounded by a vapor in wh
the pressure of the vapor does not equal the vapor pressu
the droplet. In order to apply thermodynamic reasoning
this situation we require the imposition of aconstraint that
prevents the free transfer of matter between the vapor p
and the inhomogeneous system consisting of the droplet
the transition zone where the intensive properties cha
continuously from their values in the droplet to those in t
vapor. This extension to the nonequilibrium case14 is essen-
tial in order to place the entire discussion of the energetic
embryo formation on sound and thermodynamically con
tent footing. This is so because the so-called critical nucle
being in equilibrium with the mother phase, corresponds
an extremum or saddle point of the more general expres
for the reversible work of embryo formation, and to giv
meaning to this saddle point we must be able to cons
reversible variations about it.

Figure 1~a! illustrates the relevant geometry. To the rig
of surfacea we have a homogeneous vapor, and to the lef
b the homogeneous droplet. The region betweena andb is
the physical interface. The constraint will be imagined a
field that acts only on the droplet and the transition zone~i.e.,
to the left of surfacea!. As explained in Sec. II, the exac
nature of the constraint need not be specified, although
will find it convenient in the derivations that follow to do s
for purely didactic reasons. We first derive the conditions
constrained equilibrium for the system defined in Fig. 1~a!.
For this purpose we find it convenient to define a new s
Downloaded 22 Aug 2001 to 128.112.35.162. Redistribution subject to A
re
ce

g
or
,

re

-
h
of

o

se
nd
e

of
-
s,
o
on

er

f

a

e

f

r-

face,c in Fig. 1~b!, lying entirely within the homogeneou
droplet. As explained in Sec. III, we imagine the system
be bounded not only at the interface, but everywhere, b
mathematical surface immersed in the bulk phases.
variations about equilibrium that do not involve movemen
of the boundaries, changes of volume, or exchange of ma
across the mathematical surface~closed system!, we can use
the energy as a thermodynamic potential provided that va
tions are conducted along a path of constant entropy@see Eq.
~4b!#. Thus it is necessary and sufficient for the stability
the constrained equilibrium that

dU1dF1dU81dUa>0, ~14!

dS1dS81dSa50, ~15!

dNi1dNi850; dNi
a50 ~ i 51,...,n!, ~16!

where primes refer to the homogeneous interior of the dr
let; unprimed quantities denote the systemM , composed of
the interface as well as a portion of the homogeneous inte
of the droplet@Fig. 1~b!#; superscripta denotes the homoge
neous vapor; andF denotes the energy associated with t
field. As an example,F could be a ‘‘gravitational’’ field,

F5g(
i

miE zdNi , ~17!

wherez is the distance measured in the direction normal
the interface,i (1, ...,n) identifies the various components
the mixture, andmi is the molecular weight of componenti .
In order to make the discussion more general, we can w

FIG. 1. Definitions of mathematical surfaces used in the derivation of
work of embryo formation. The phases are homogeneous to the righta
and to the left ofb. The field acts to the left ofa.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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F5(
i

C iE f ~z!dNi , ~18!

where f (z) generalizes Eq.~17! to the case in which the
dependence onz may be nonlinear, andC i generalizesmgi .
C i and f (z), in other words, are generalized forces and g
eralized displacements, respectively. For example,f (z) can
be chosen to vanish within the vapor phase as we have
fectively done, since our field acts only within the drop
and the interface. In the presence of the field, the variati
Eq. ~16! should be interpreted as follows,

dE dNi~z!1dE dNi8~z!5E d dNi~z!1E d dNi8~z!50,

~19!

where the integrals are over slices of givenz.11 Substituting
Eqs.~15!, ~16!, and~18! in ~14!,

~T2Ta!dS1~T82Ta!dS8

1(
i

H E @m i1c i f ~z!#d dNi1E m i8dNi8J >0, ~20!

from which it follows that the necessary and sufficient co
ditions of equilibrium are

T5T85Ta, ~21!

m i85m i1c i f ~z!5ci , ~22!

where ci is independent of position. Thus the constrain
equilibrium is one in which the temperature and the gene
ized chemical potentialsm i1c i f (z) are constant throughou
(M1M 8). The field, in other words, stabilizes the interfa
and establishes equilibrium within the inhomogeneous dr
let.

We now derive the fundamental equations correspond
to differential variations about the constrained equilibriu
To this end, we denote byb the droplet and its hypothetica
homogeneous continuation up to the mathematical surfaca.
For variations about equilibrium subject to the same con
tions used in deriving Eqs.~21! and ~22!, we must have

dUb5TdSb1(
i
E m i

bd dNi
b , ~23!

dU5TdS1(
i
E m id dNi , ~24!

dF5(
i

c iE f ~z!d dNi , ~25!

and, therefore,

d~U1F2Ub!5Td~S2Sb!1(
i
E @m i1c i f ~z!#

3d dNi2(
i
E m i

bd dNi , ~26!

in which the reference level for the potentialf (z) is taken as
zero within the homogeneous core of the droplet. We
write, equivalently,
Downloaded 22 Aug 2001 to 128.112.35.162. Redistribution subject to A
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dUs5TdSs1(
i
E m̃ id dNi

s . ~27!

For variations in which the system remains at equilibriu
we can write6,7

dUs5T dSs1(
i

m̃ i dNi
s , ~28!

where m̃ i denotes the position-independent potential,m i

1c i f (z); superscripts denotes the excess of an extensi
quantity due to the presence of the interface, over and ab
the amount of that extensive quantity associated with
droplet and its hypothetical homogeneous continuation up
surfacea. In the case of the energy, this includes the con
bution of the field. Also, we have used the simplified no
tion

dE dNi
s5dNi

s . ~29!

Integrating along the interface,

Us5TSs1(
i

m̃ iNi
s . ~30!

If the variations include changes in the interface area, E
~28! and ~30! become

dUs5T dSs1(
i

m̃ i dNi
s1s dF, ~31!

Us5TSs1(
i

m̃ iNi
s1sF. ~32!

Equations~31! and~32! are formally identical to Eqs.~8! and
~9!. However, there are important differences:

~1! Equations~8! and~9! apply to an interface across whic
matter is freely transferable, the phases on either sid
which are in equilibrium;

~2! In contrast, Eqs.~31! and ~32! apply to a constrained
inhomogeneous system, with matter freely transfera
on one side of the interface only;

~3! Equations~8! and~9! apply in the absence of a field, an
the m i are ordinary chemical potentials;

~4! Equations~31! and~32! apply in the presence of a field
and them̃ i are quantities incorporating the influence
the field;

~5! Equations ~8! and ~9! apply to the dividing surface
which is defined so that curvature contributions van
identically;

~6! Equations~31! and ~32! apply to the boundary of the
interface~surfacea in Fig. 1!, where we have not intro-
duced the equivalent of a surface of tension. They
therefore strictly valid only in the limit when curvatur
contributions are small. In practice, this means that
radii of curvature are large with respect to molecu
dimensions;

~7! In Eqs.~8! and~9!, surface excess quantities, denoted
the superscripts, are defined to be the difference b
tween the actual amount of an extensive quantity pres
in the entire inhomogeneous system and that wh
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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would exist if the two homogeneous phases maintai
their intensive properties unchanged up to the divid
surface;

~8! In Eqs.~31! and~32!, surface excess quantities, denot
by superscripts, are defined to be only the differenc
between the actual amount of an extensive quan
present in the inhomogeneous system, and that wh
would exist if the phase with which mass exchange
allowed by the bounding surfacea ~Fig. 1! maintained
its intensive properties unchanged up to the bound
surface.

V. DERIVATION OF THE WORK OF FORMATION

Consider a homogeneous fluid massa in contact with a
thermal reservoirt and a work reservoirp which, respec-
tively, impose ona a temperatureT and a pressureP. The
boundary between the work reservoir anda is adiabatic
while that with the thermal reservoir must, of course,
diathermal. For simplicity we first treat the single compone
case. Let an embryo of a second phaseb be formed entirely
within a. The entropy, volume, and mass of the compos
~system plus reservoirs! is chosen to be constant. In the fin
state, onceb has been formed, we will usea andb to denote
uniform phases having the intensive properties of the b
phases in their imagined continuation up to the dividing s
face~e.g.,a in Fig. 1!. Then with subscriptso and f denoting
initial and final states, the change in internal energy of
composite system due to the formation of phaseb is given
by

DU5DUt1DUp1U f
a2U0

a1Ub1Us, ~33!

whereU0
a , U f

a , andUb all refer to uniform phases, imag
ined or otherwise, andUs refers to the excess quantity ass
ciated with the interface that appears in the final state. S
the temperature reservoir does not perform work and
work reservoir cannot communicate heat to the remainde
the system~andT andP are maintained constant! we have

DUt5TDSt52T~Sb1Ss1Sf
a2S0

a!, ~34!

DUp52PDVp5P~Vb1Vf
a2V0

a!, ~35!

while the first degree homogeneous nature of the exten
quantities requires

U f
a5TSf

a2PVf
a1maNf

a , ~36!

U0
a5TS0

a2PV0
a1maN0

a , ~37!

Ub5TSb2PbVb1mbNb. ~38!

Proper accounting of the actual amount of extensive qua
ties is restored via the single-component analog of Eq.~32!,

Us5TSs1sF1m̃Ns. ~39!

In Eqs. ~36! and ~37! we have used the fact thatma

remains unchanged becauseT andP are constant ina. Fur-
thermore, by introducingPb, we have allowed for the pos
sibility, discussed in the previous section, that the press
in the two phases may be different. We emphasize again
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m̃ is a generalized potential that includes the action of
field, andUs includes the contribution of the ‘‘potential’
energy@see Eq.~26!#.

Conservation of mass imposes the constraint

N0
a5Nf

a1Nb1Ns. ~40!

Substituting Eqs.~34!–~40! into Eq. ~33! yields

DU5~P2Pb!Vb1sF1@mb~Pb!2ma~P!#Nb

1@m̃2ma~P!#Ns. ~41!

The assumption is often made thatm̃5ma. This implies that
the bulk phasea imposes its chemical potential on the inte
faces though not in general on the new phaseb, except at
equilibrium. Equation~41! then simplifies to

DU5~P2Pb!Vb1sF1@mb~Pb!2ma~P!#Nb. ~42!

We point out that this situation is possible, but that it al
implies the application of a field~constraint! that will cause
m̃5ma. Since theDU in Eq. ~42! refers~see its introduction
at the beginning of this section! to a change of state in which
both the entropy and volume are maintained constant,
clearly equal to the2W1 of Eq. ~3!, i.e., to thereversible
work, in excess of volume work, performedon the system. It
is thus the reversible work of formation of the embryo, and
m̃5ma it may include work exchanged with the field. W
note that Eq.~41! is more general than Eq.~42!.

Using identical arguments, the reversible work of form
ing a bubble or a dropletb within an existing phasea for an
n-component mixture (i 51,...,n) is

Wrev5~P2Pb!Vb1sF1(
i

@m i
b~Pb!2m i

a~P!#Ni
b

1(
i

@m̃ i2m i
a~P!#Ni

s . ~43!

In deriving this equation it is assumed that the formation
the embryob does not change the composition of the moth
phasea. In other words, the embryo is small compared to t
mother phase.

When the embryo is incompressible, as is approximat
true for a small droplet, we can write

m i
b~Pb!5m i

b~P!1 n̄ i
b~Pb2P!, ~44!

where n̄ i
b is the partial molar volume of componenti in

phaseb. Then the work of formation simplifies to

Wrev5sF1(
i

@m i
b~P!2m i

a~P!#Ni
b

1(
i

@m̃ i2m i
a~P!#Ni

s . ~45!

The last summation in this equation is often incorrectly om
ted in the nucleation literature.

The reversible work of formation of an embryo that
not a nucleus is given by Eqs.~43! or ~45!, and in this sense
the argument has gone beyond the point where Gibbs le
However, the characteristics of this embryo, in particulars
and m̃ i depend on the particular constraint used to maint
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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the equilibrium. The constraint can be interpreted as a fi
Exactly what model, that is to say what field, needs to
introduced is then an open question. The need to employ
constraint is a nontrivial problem because the path of d
placement from the initial state of equilibrium must be
reversible one~i.e., a sequence of equilibrium states! if the
use and variation of a thermodynamic potential is to ha
any meaning. Thus constrained equilibrium states adjace
that of the nucleus must be involved in this path, and in
nucleation case these states must represent embryos th
not nuclei. Fortunately, as explained in Sec. II, in the var
tion of the thermodynamic potential about the state of
system containing the nucleus, the constraints defining
reversible path do not have to be specified in detail~they
may remain ‘‘hidden’’! as long as we are only interested
the properties of the nucleus itself, and, as a result, we n
not concern ourselves about the ‘‘model’’ as long as o
interest remains concentrated on the properties of the nuc
itself.

We now consider the determination of the critic
nucleus. The composition of the critical nucleus follow
from applying to Eq.~45! the conditions (i 51,...,n)

]Wrev

]Ni
b 50, ~46!

]Wrev

]Ni
s 50. ~47!

In Eq. ~46! Nj
b ( j Þ i ) and all Ni

s are kept constant. In Eq
~47! Nj

s ( j Þ i ) and all Ni
b are kept constant. Equation~46!

yields

]Wrev

]Nj
b 5s

]F

]Nj
b 1Dm j1F

]s

]Nj
b 1(

i
Ni

s
]m̃ i

]Nj
b

1(
i

Ni
b

]m i
b

]Nj
b , ~48!

and Eq.~47! yields

]Wrev

]Nj
s 5s

]F

]Nj
s 1Dm̃ j1F

]s

]Nj
s 1(

i
Ni

s
]m̃ i

]Nj
s

1(
i

Ni
b

]m i
b

]Nj
s , ~49!

where

Dm j5m j
b~P!2m j

a~P!, ~50!

Dm̃ j5m̃ j2m j
a~P!. ~51!

The sum of the third and fourth terms on the right hand s
in both Eqs.~48! and~49! vanishes because of~32!. The fifth
terms cancel because of the Gibbs–Duhem equation. Fin

F54pr 254pF 3

4p S (
i

n̄ iNi
bD G2/3

, ~52!

]F

]Nj
b 5

2n̄ j
b

r
, ~53!
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]F

]Nj
s 50. ~54!

Using Eq.~53! in ~48! and~54! in ~49! yields the conditions
of equilibrium

Dm j1s
]F

]Nj
b 50⇒m j

b~Pb!5m j
a~P!, ~55!

Dm̃ j50⇒m̃ j5m j
a~P!. ~56!

Equations~55! and~56! imply that the chemical potentials o
each component are uniform throughout the entire syst
Thus for the critical nucleus, the constraint vanishes ide
cally. As shown elsewhere,9 the critical nucleus is in unstabl
equilibrium with the mother phase.

Returning now to Eq.~41!, if phaseb is in equilibrium
with a, the reversible work becomes

dU[Wrev5sF1~P2Pb!Vb. ~57!

If the new phase is spherical, we invoke Eq.~7!, Laplace’s
equation, to obtain6,7

Wrev5
4pr 2s

3
5

2pr 3~Pb2P!

3
5

16ps3

3~Pb2P!2 . ~58!

Equation~58! gives the reversible work of forming a spher
cal critical nucleus. It is completely general, and does
depend on any assumptions as to the nucleus’ incompr
ibility.

In order to calculate the nucleation rate, it is necessar
determine the critical nucleus’ size and composition. T
nucleus, in classical theory, is assumed homogeneous. H
ever, because real nuclei are not uniform, the proper, th
modynamically consistent way of determining the nucle
size and composition within the classical theory is an imp
tant problem. It is often referred to as the surface enrichm
problem in the nucleation literature.15,16

We consider as an illustration the condensation of a
nary vapor mixture. Treating the liquidlike embryos as i
compressible, the thermodynamically consistent set of eq
tions needed to calculate the composition, size, and wor
formation of the critical nucleus are

m1
b~P!1~Pb2P!n̄1

b5m1
a~P!, ~59!

m2
b~P!1~Pb2P!n̄2

b5m2
a~P!, ~60!

r * 5
2s

~Pb2P!
, ~61!

Wrev* 5
4p

3
s~r * !2, ~62!

where superscript* denotes the critical nucleus,b denotes
the liquid, anda the vapor. Equations~59! and~60! are used
to solve forPb andx1

b ~mole fraction of component 1!. Then,
with s evaluated at the calculated composition, the size
work of formation of the critical nucleus are obtained fro
Eqs. ~61! and ~62!. The above equations are in one-to-o
correspondence with Eqs.~55!, ~7!, and~58!. The key point
here is that the starting point, Eq.~45!, is correct and ther-
modynamically consistent. If, as is usually done in the nuc
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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ation literature, one starts instead from the incorrect equa
by truncating Eq.~45! through removal of the surface term
erroneous conditions of equilibrium are obtained instead
Eq. ~55!.17,18

These inconsistencies were noted by Wilemski,15,16 who
argued that the correct equations to be used in the calcula
of the size and composition of the critical nucleus are E
~55!, which indeed they are. Interestingly, Wilemski start
with the incorrect equation, namely the truncated version
Eq. ~45!, but he arrived at the correct result by partitionin
the embryo into bulk and surface portions.

VI. DISCUSSION

In this work we have extended the Gibbsian treatmen
interfacial thermodynamics in order to properly consider
energetics of forming a small embryo of a new phase wit
a uniform macroscopic mother phase. Whereas Gibbs c
sidered the particular case in which the embryo is in unsta
equilibrium with the mother phase, we have treated the g
eral case in which the embryo and the mother phase are
in equilibrium. This extension is necessary in order to p
vide a rigorous and thermodynamically consistent expres
for the reversible work of embryo formation, from which th
work of formation of the critical nucleus follows as an e
tremum condition. The important result from the prese
work is an expression for the reversible work of embr
formation, from which the equilibrium conditions betwee
embryo and mother phase, as well as the Gibbs expres
for the reversible work of nucleus formation, are obtain
naturally as extremum conditions. The new expression
rived here differs from the one usually used in the nucleat
literature.

In order to apply thermodynamic reasoning to a comp
ite system that is not in equilibrium, it is necessary to int
duce a constraint that prevents the free exchange of m
between embryo and mother phase. The resulting c
strained system is amenable to thermodynamic analysis
approach thus serving to illustrate the crucial but often
glected role of constraints in thermodynamics. The constr
imposes internal equilibrium throughout the inhomogene
system consisting of the embryo and the interface betw
the embryo and the mother phase. This fixes the locatio
the mathematical surface of discontinuity between the e
bryo and the mother phase. In the absence of a constrain
location of this surface is specified by the identical vanish
of the curvature contribution to the interfacial energy. T
constraint, however, removes this degree of freedom by
ing a priori the location of the surface of discontinuity. Th
present treatment is therefore strictly applicable only in
limit in which the radii of curvature are large with respect
molecular dimensions, or, in other words, when the interf
can be considered locally planar.

Our work is closely related to that of Nishioka an
Kusaka,8 who also extended interfacial thermodynamics
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noncritical clusters. However, these authors did not treat
constraint explicitly, and hence arrived at a different expr
sion for the work of embryo formation.

Although for most purposes of nucleation theory it
only the extremum~single-component systems! or saddle
point ~multicomponent mixtures! of the expression derived
here that matters, the present generalization provides
proper and thermodynamically consistent formalism for d
cussing the energetics of embryo formation. Among the b
efits resulting from this rigorous approach is the unambi
ous resolution of a long-standing controversy in t
nucleation literature15–18 about whether the size and comp
sition dependence of the interfacial tension should be
cluded in taking the extremum condition of the reversib
work of embryo formation in binary mixtures. Finally, th
density functional approach to nucleation theory~e.g., Ref.
19! is limited in its rigorous applications to the nucleu
alone, so that a plausibility argument must be used to inc
porate the effects of embryos that are not nuclei.20 The
present development may be helpful in eliminating the ne
for a plausibility argument.
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