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A thermodynamically consistent formalism is derived for calculating the reversible work needed to
form a small amount of a new phagembryg within a uniform macroscopic mother phase. The
treatment goes beyond the classic work of Gibbs, who solved the problem for the particular case in
which the embryo is in equilibrium with the mother phase, constituting a so-called critical nucleus.
The formalism results in a new expression for the reversible work of embryo formation, the extrema
conditions for which yield the correct conditions of equilibrium between the critical nucleus and the
mother phase, as well as Gibbs’ result for the reversible work needed to form the critical nucleus.
The new expression for the work of embryo formation differs from the one commonly used in the
nucleation literature. In order to extend the Gibbsian formalism to noncritical nuclei, it is necessary
to introduce a constraint that prevents the free transfer of matter between the embryo and the mother
phase. The present approach is valid in the limit in which curvature contributions to the interfacial
energy can be neglected. €998 American Institute of Physids$§0021-96068)50513-3

I. INTRODUCTION graph and is therefore rather condensed and not well-suited
to the discussion of the many subtleties of the problem. Such
The reversible work of formation of a small fragment a detailed analysis is the objective of this work.
(embryg of a new phase is of primary interest in the field of This paper is organized as follows. In Sec. I, which is
nucleation, where it can represent the initial free energy bareidactic in nature, we review the central role played by con-
rier that a metastable system must surmount in passing fromstraints in the rigorous treatment of equilibrium criteria. Sec-
a local to a global minimum in a coarse-grained phase spacéon 1l revisits the Gibbsian treatment of fluid interfaces. In
In a fully molecular theory this initial process would involve Sec. IV we extend the Gibbsian treatment to the general case
the formation of some appropriate molecular cluster thabf arbitrarily sized embryos that are not in equilibrium with
later develops into a recognizable piece of the new phasdhe mother phase. In Sec. V we derive the reversible work of
However, such molecular theories are not generally availformation of an embryo of a new phase within a homoge-
able, so that workers have been forced to rely on quasiphereous mother phase. Conclusions are presented in Sec. VI.
nomenological theoriés® in which the initial fragment is
treated as though it wemdreadya piece of the stable phase, II. CONSTRAINTS
appropriate allowance being made for surface effects. Under

. . Constraints play an overwhelming but usuahidden
these circumstances, methods that are purely thermodynamic, - . 10-13 . .
role in thermodynamicd8-*3and they are particularly impor-

can be used for the evaluation of the free energy Changteant in the problem before us. To facilitate discussion, it is

mvoll;l/esd ;?eltjffﬁ,rmggg read interest in the problem feWtherefore worthwhile to consider the role of constraints and
P _ \aesp nep ' their relation to both work and thermodynamic potentials. It
thermodynamically rigorous treatments exist. Gfbbson-

. is convenient to begin with the following expression that
sidered only that fragment of the new phase that served Fombines the first and second laws of thermodynamics
the “nucleus” for the phase transitiofi.e., a fragment that '
would be at least irunstableequilibrium with the mother
phase. Nishioka and Kusalaextended Gibbs’ treatment to

embryos of arbitrary size, but without properly accounting, s expressiom\U represents the change in the internal
for the constraint that, as we show below, must be introducegnergy of aclosed system that accompanies a particular
in or_der to _consider this s_ituation. Recgntly, the thermOdy'changeof state, whileT is the temperature arfd represents
namically rigorous extension of the Gibbsian approach (TN entropy of the system. The change of state is here con-
arbitrarily sized embryos of the new phase has been de?ivedsidered to be accomplished by means of a reversitdeess
However, this derivation appears as an appendix to a monQs, that the integral in Eq(1) is the heat absorbed by the
system during this proces¥®V, and W; denote reversible
dCorresponding author. work performedby the system(positive when the system

AU—J T dS+Wy+W,;=0. 1)
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performs workon its environment during the process. To also determine the number of independent variables that de-

illustrate the meaning oW, and W,, suppose that we are scribe the system. The addition of a constraint amounts to the

interested in describing the state of equilibrium of a systenaddition of a variable.

that is set upconstrainegito perform work only of type 0, Thus far our argument has concentratedstable equi-

i.e., Wy. It is then convenient to write Eql) as librium. For unstableequilibrium a similar argument can be
used for the properties k¥, but then one must consider
reversible paths that are generated by the reverséneval

A\P:Au_f T dS+Wp=—Wj, 2 of a constraint such that W, is negative rather than posi-
tive, i.e., the system does woagainstthe constraint. In both
whereAW is only a symbol for the collection of terms con- casesthermodynamic potentialgfunctions of state whose

St|tut|ng the middle expression on the r|qhe, is not meant variations |m|tateA‘I’) exhibit extrema in the initial state of

to represent a Change in a quanw_ In order to make equ”ibrium. However, there are cases that we discuss below

things more concrete, assume thi§ is volume work. Then in which a saddle point rather than an extremum is involved.

Eq. (2) may be written as Then both situations are possible, depending on the path of
the variation.

Our interest is in the properties of the initial equilibrium,
AVT=AU —f T dS+J P dv=-W,, (3)  and not in the equilibrium states generated by the constraint,
S0 it is unnecessary to specify the detailed nature of the ad-

ditional constraint. Different constraints will however gener-

a%e diﬁereqt paths of displacement from the initial equilib-

of equilibrium subject to constraints that allow it to perform rium, and n the .u.sual strategy, the_path rather_than the
constraint is specified. That strategy is the following. One

only volume work. Since the system is in equilibrium subject . ;
to those constraints, it can only be driven away from theconstructs a thermodynamic function of state whose change

given equilibrium state into other equilibrium states through'T't?ttes_ﬁ:P on tTﬁ fart't(;]uiir p:cath tgenerftt?[dtby thet T)On'
the application of another constraint, and this constraint must it then,on that path the unction of state must be

obviously perform work on the system while driving it away. minimized in the initial state sinc&¥ is minimum on any

We can assume that the constraint utilizes a reversible pr&2ath at thf'it state. _SUCh & function O.f state SEIVes as a ther-
cess for this purpose, and then the work that it perfooms modynamic potential for the system in question. Many ther-

the system can be represented bV, in Egs.(2) and (3) modynamic potentials for the same system and for the same
1 . . . . . . .

Since work is being performeah the systemyV, is negative equilibrium state can be constructed by imitatit. If the

and —W,; must be positive. Thus however the system issystem in its original equilibrium state is allowed to perform

driven a\llvay from the staté in which it can only perform other kinds of work, additional to volume work, then the

volume work(whatever additional constraint is appljest¥ constructed thermodynamic potential and/or the path of dis-

for the change of state must be positive. The additional Conplacement will have to contain terms and features that reflect

straint is accompanied by an additional independent variabl@'s'iaq' ant f the th d . tential is th
and the reversible path defined by the constraint is a se- N important use ot thé thermodynamic potential IS the

quence of equilibrium states characterized by one more Varprovision of a differential equation useful for the description

able than the initial state. Thus the variation may be though?f the internal equilibrium of the system subject to the initial

of as one that carries the system from an equilibrium Conponstraints. For example, in a closed system and along a path

trolled by sayn variables to one controlled byg+1 vari- of constantT and P.’ the Gibbs energy can SEIVe as a ther-
ables. Since-W, is always positive, provided that none of modynamic potential. Thus for.a system co_nstrgurjeq to ber-
the original constraints are removed, it should be clear tha[ﬁm.1 .o.nly vollu'm.e work, the Gibbs energy is minimized in
the quantityAW is minimized at the initial state. the initial equmprlum state along a path of constarandP,

To summarize, thenW, is the reversible work per- and we can writefor that statg
formed by the system on the environment during the revers-
ible removal of a constrairit.e., work performed against the (6G)1 p=0. (4a)
constraint that drove the system away from its initial equi-

librium state.W, differs from W, in that, in the absence of |t e choose a path of constaBiandV, the energy serves as
the constraint, the system can perform only work of type 04 thermodynamic potential and we can write
Equation(2), as written, includes only two kinds of work,

but it could include additional typedhe kinds of work de-
pend on how the system is set Ojhis is the key point that
we wish to emphasize. An equilibrium state of the system is
subject to certain constraints. These can be varied in suchla the case of a saddle point, an extremum of the thermody-
manner that the system either performs reversible workiamic potential is not involved, but Eq&la and (4b) and
against a constrairt.e., onits environmentor such that the similar equations for other thermodynamic potentials still ap-
constraint performs reversible work on the system during gly. Thus we achieve a description of internal features of the
process leading to a change of state. The constraints detegquilibrium system so constrained that only volume work is
mine the kinds of work of which the system is capable. Theypossible for the system.

whereP is the equilibrium pressure of the system ands

(5U)S,V:0' (4b)
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Ill. PRELIMINARIES TO THE DERIVATION OF THE The derivation of Eq(6) involves an additional consid-
WORK OF FORMATION OF AN EMBRYO OF THE NEW eration. It is allowable to defin®’ andV” so that each is
PHASE bounded, not only at the interface but everywhere, by a

. . . - .. mathematical surface itself immersed in the bulk phase. In
The preceding section, didactic in nature and possibly, . L . i
. “this way it is not only easy to maintain the volumes fixed, but

repetitious of ideas familiar to many readers, is useful in . . : .
o : .. also to avoid the introduction of other physical surfaces be-
emphasizing conceptual material that tends to be hidden.

. i . ... “sides the interface and the additional surface properties that
even though it forms the foundation of a rigorous derivation . :
. would then have to appear in relations such as(Byg.
of the work of formation of an embryo of a new phase. : ;
. o o If the shape and extent of the interface is allowed to
Furthermore, before advancing to the derivation itself, it is o . L
. . . L ary, then the quantities that describe these variations,
convenient to list some of the most important definitions an . : L
! ) Lo namely the interfacial area and the local principal curvatures,
relations of the conventional Gibbsian approach to the ther- . o : .
. ) 79 enter the picture as additional thermodynamic variables.
modynamics of interfaces’

Most readers should be familiar with the concept of theHowever, Gibbs showed how the differentials of curvature

. L . could be eliminated from explicit consideratidprovided
Gibbs dividing surfacea mathematical construct whose con- -
. . .. _that the local radii of curvature were large compared to the
tour conforms to that of the physical transition zone within

which the properties of one phase change continuously t hysical thickness of the interfacial transition zptierough

those of the contiguous phase. The position of this dividingCheoiggo(;(f:?hi(;]c d?viz?l:gc:llﬁfragév;(/jiggsS:srfzcsbr:gitizirttl)?urlr?g-
surface along the local normal to the physical contour can b%hanical equilibrium the well-known Laplace relation be-
chosen arbitrarily, but in practice it is convenient to limit the .

choices. Having made a choice, one treats the inhomogé‘-’veen the pressures on the convex and concave sides of the
neous system formally as though the densities of variougurface’ namely,
extensive properties in the coexisting bulk phases remain

uniform up to the dividing surface. An accounting of the AP=o
total amounts of the various extensive properties in the sys-

tem, on this basis, will then be in error. For a given extensivevherer, andr, are the principal radii of curvature. For a
quantity, the difference between the actual total amount angurved interface the surface tensieniepends, in general, on
the “spurious” amount calculated assuming uniformity of the choice of dividing surface ana appearing in Eq(7)
intensive properties up to the dividing surface is defined agefers to the dividing surface in question which is itself re-
the surface excessror example, consider a not necessarilyferred to as the “surface of tension.” The variation of sur-
closed system Consisting of two Coexisting phasesy one déace tension with choice of dIVIdIng surface is nonphySical to
noted by a single prime and the other by a double prime. [fhe extent that it is a consequence of this choice, and the
the volumes(defined by the dividing surfageof the two  corresponding derivative of surface tension is therefore often
phases ar¥’ andV”, respectively, and the uniforoensities ~ referred to as a “notional” derivative. However, it should be
of say the internal energies are denotedwyandu”, then  indicated that for a plane surfageero principal curvatupe

1 1
_+_
rn ra

; Y

the surface excess of internal energy is prescribed by the surface tension is independent of the choice of dividing
surface, a result that is closely connected to the fact that, for
Us=u—-u'v'—-u"Vv’, (5  aflat surface, the pressures on opposite sides of the interface

whereU is th tual total internal enerav in th tem ndare equal, and implies that the surface tensions correspond-
erel 1s the actual total internai energy € system a ing to all choices of dividing surface converge to one value

the superscriptr denotes a surface excess quantitywill for the case of a flat surface. In any event, the important

also be used to denote_the surfac_e tensisiy co_nS|der|ng esult that can be demonstraiéd for the surface of tension
the usual thermodynamic expressions for the differentials (j

the various extensive variables for the imagined prime
phases as well as for the actual total system and choosing
reversible paths for the associated differential changes of
state, it is a straightforward matter of “balancing the books”
to show?”?that, for changes that do not altéf andV” or ~ WhereF denotes the area of the interface, and the surface
the shape and extent of the interface between the phases, ténsiono is in essence defined by its position in this equa-
tion. The termodF clearly represents surface work, and Eq.
(8) gives the changes in energy associated with reversible
variations about a particular initial equilibrium state, said
variations allowing for changes in the shape of the interface.
wherey; is the chemical potential of theh species, and itis |t is understood that the dividing surface is chosen as the
assumed that the constraints on the system allow that speciggrface of tension, so that changes of curvature do not con-
to be freely transferred to the interface. Equati® and  tripute additional work terms. Integrating E(B) along the

similar relations between excess quantities are obtained Byiterface while maintaining the intensive variablds, u;
default as a result of “balancing the books.” They allow us and o constant, we find

to consider an “excess” system whose thermodynamic vari-
ables are connected by relations that satisfy the requirements U"=TS"+UF+E wNT 9)
of thermodynamics. S

dU’=T dS’+ >, u; dN’+ o dF, (8
I

dUu’=T dS’+ >, p; dN7, (6)
|
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Taking the differential oU“ and substituting Eq(8) yields b
Droplet | Transitin A Vapor
S”dT+F do-l—Ei N7 du;=0, (10 i g
and dividing byF we get i g
. _ E .
s dT+da+2i [ du;=0, (11) i —
with " :
s’=8%IF; I'i=N/IF, (12 @
wherel’; is the “superficial density” of component
Dividing Eq. (9) by F, taking the differential of the re- . .
sult, and substituting Eq11) yields, withu?=U?/F %

du’=T ds’+ >, w; dI;. (13)
1

We reiterate that Eq9) is valid for the surface of ten-
sion and for the case where the various components are
freely transferable between the two phases and the interface
coexisting in equilibrium. Thus for example, if one phase is
a small liquid drop and the other phase the corresponding
vapor, the pressure of the vapor should be equal to the vapor ®
pressure of the drop. This equilibrium is generally unstable, FIG. 1. Definitions of mathematical surfaces used in the derivation of the

but it is an equilibrium_ work of embryo formation. The phases are homogeneous to the rigit of
and to the left ob. The field acts to the left of.

RAMAI RN
B

-
®

IV. EXTENSION TO PHASES NOT IN EQUILIBRIUM

We now extend the previous treatment to the_ case Wher]%lce,c in Fig. 1(b), lying entirely within the homogeneous
the_two_ ph_ases are not in equilibrium, or, equw_alently, todroplet. As explained in Sec. lll, we imagine the system to
a_rb|trar||y sized embryos. For example, we may W'Sh. to €ON%e bounded not only at the interface, but everywhere, by a
sider the case of a droplet surrounded by a vapor in Whldﬂn thematical surface immersed in the bulk phases. For
the pressure of the vapor does not equal the vapor pressure ofa. ; IV . )

. . variations about equilibrium that do not involve movements
the droplet. In order to apply thermodynamic reasoning to

this situation we require the imposition ofcanstraintthat of the boundaries, changes of VOI lume, or exchange of matter
revents the free trgnsfer of ma?ter between the vapor pha across the mathematical surfa@insed system we can use

P . - por phasge energy as a thermodynamic potential provided that varia-

and the inhomogeneous system consisting of the droplet a

o . ) : "ffbns are conducted along a path of constant entfepg Eq.
the transition zone where the intensive properties chan gap [opg Eq

continuously from their values in the droplet to those in the&b)]' Thus itis necessary and sufficient for the stability of

. . . h nstrain ilibrium th
vapor. This extension to the nonequilibrium cse essen- the constrained equilibrium that

tial in order to place the entire discussion of the energetics of  sU + §® + SU’ + 5U*=0, (14)
embryo formation on sound and thermodynamically consis-

tent footing. This is so because the so-called critical nucleus, S+ 6S'+ 6S*=0, (19
being in equilibrium with the mother phase, corresponds to )

an extremum or saddle point of the more general expression oNi+6Nf=0; 6Nf=0 (i=1....n), (16)

for thg revers[ble work of 'embryo formation, and to IV \vhere primes refer to the homogeneous interior of the drop-

meaning to th's. saddle p0|_nt we must be able to ConSIdeIret; unprimed quantities denote the systéfn composed of

rever_5|ble varlf_mons about it . the interface as well as a portion of the homogeneous interior
Figure Xa) illustrates the relevant geometry. To the right f the dropleFig. 1(b)]; superscripix denotes the homoge-

gf T]urfr?cea we have etjhorrllogt_arr;]eous \_/ap%r, and to(’;f;)e_left oﬁeous vapor; aneé denotes the energy associated with the

the omogeneous drop et. The region etwlaem. IS field. As an exampled could be a “gravitational” field,

the physical interface. The constraint will be imagined as a

field that acts only on the droplet and the transition zGee,

to the left of surfacen). As explained in Sec. Il, the exact <I>=g2i mif zdN, 17)

nature of the constraint need not be specified, although we

will find it convenient in the derivations that follow to do so wherez is the distance measured in the direction normal to

for purely didactic reasons. We first derive the conditions ofthe interfacej(1, ...,n) identifies the various components in

constrained equilibrium for the system defined in Figgl the mixture, andn; is the molecular weight of componeint

For this purpose we find it convenient to define a new surin order to make the discussion more general, we can write
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D=2, «Irif f(z)dN;, (18) SU=T6S"+ Y, fﬁié dN?. (27)
I I
where f(z) generalizes Eq(17) to the case in which the For variations in which the system remains at equilibrium,
dependence onmay be nonlinear, an#; generalizesng,.  we can writ&’
V¥, andf(z), in other words, are generalized forces and gen-
eralized displacements, respectively. For examf(l2) can du’=T dS’+ D, i dN7, (28)
i

be chosen to vanish within the vapor phase as we have ef-

fectively done, since our field acts only within the droplet\yhere 72, denotes the position-independent potential,
and the interface. In the presence of the field, the variations. .t (z); superscripto denotes the excess of an extensive
Eq. (16) should be interpreted as follows, quantity due to the presence of the interface, over and above
the amount of that extensive quantity associated with the
5] dN;(z)+ 8[ dN{(z)zJ é dNi(z)+f 8 dNj(2)=0, droplet and its hypothetical homogeneous continuation up to
(19) surfacea. In the case of the energy, this includes the contri-

) ) . o bution of the field. Also, we have used the simplified nota-
where the integrals are over slices of giveh' Substituting tion

Egs.(15), (16), and(18) in (14),

+Ei U [mit+if(2)]0 dNi+f wl 5Nil]>01 (20 Integrating along the interface,
Ur=TS+ >, wiNy. (30)
I

from which it follows that the necessary and sufficient con-

ditions of equilibrium are o _ ) )
If the variations include changes in the interface area, Egs.

T=T'=T¢, (2)  (28) and(30) become
wi=pit if(z)=c;, (22

where ¢; is independent of position. Thus the constrained
equilibrium is one in which the temperature and the general-
ized chemical potentialg;+ «;f(z) are constant throughout U"=TS"+2 wiN+oF. (32
(M+M"). The field, in other words, stabilizes the interface !

and establishes equilibrium within the inhomogeneous dropEquationg31) and(32) are formally identical to Eqg8) and
let. (9). However, there are important differences:

We now derive the fundamental equations correspondin
to differential variations about the constrained equilibrium.
To this end, we denote bg the droplet and its hypothetical
homogeneous continuation up to the mathematical sueace
For variations about equilibrium subject to the same condi
tions used in deriving Eq$21) and(22), we must have

dU’=T dS’+ >, &; dN7+ o dF, (31)
I

%1) Equations(8) and(9) apply to an interface across which
matter is freely transferable, the phases on either side of
which are in equilibrium;

(2) In contrast, Eqs(31) and (32) apply to a constrained
inhomogeneous system, with matter freely transferable
on one side of the interface only;

(3) Equationg8) and(9) apply in the absence of a field, and
the u; are ordinary chemical potentials;

(4) Equations(31) and(32) apply in the presence of a field,
and theu; are quantities incorporating the influence of
the field;

(5) Equations(8) and (9) apply to the dividing surface,
which is defined so that curvature contributions vanish
identically;

(6) Equations(31) and (32) apply to the boundary of the
interface(surfacea in Fig. 1), where we have not intro-

duced the equivalent of a surface of tension. They are

S(U+d—-UP)=Ts(S— Sﬁ)+z j [uit i f(2)] therefore strictly valid only in the limit when curvature

! contributions are small. In practice, this means that the

SUP=T55+ 2, f,LLiB5dNiB, (23)
SU=T6&S+ Y, f,LLi5dNi, (24)

5<1>:Z zpiff(z)édNi, (25)

and, therefore,

radii of curvature are large with respect to molecular
X8 dN— 2 f uls dN;, (26) dimensions;

' (7) In Egs.(8) and(9), surface excess quantities, denoted by
in which the reference level for the potentigl) is taken as the superscriptr, are defined to be the difference be-
zero within the homogeneous core of the droplet. We can tween the actual amount of an extensive quantity present
write, equivalently, in the entire inhomogeneous system and that which
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would exist if the two homogeneous phases maintained is a generalized potential that includes the action of the
their intensive properties unchanged up to the dividingfield, andU“ includes the contribution of the “potential”
surface; energy[see Eq(26)].

(8) In Egs.(31) and(32), surface excess quantities, denoted Conservation of mass imposes the constraint
by superscripto, are defined to be only the difference @ N NB L N
between the actual amount of an extensive quantity No=N¢+N"+N7. (40

present in the inhomogeneous system, and that whicBubstituting Eqs(34)—(40) into Eq. (33) yields
would exist if the phase with which mass exchange is

allowed by the bounding surface (Fig. 1) maintained AU=(P—PA)VF+oF +[uf(PP)— u*(P)IN
its intensive properties unchanged up to the bounding +[a— p(P)INC. (41)
surface.

The assumption is often made that w“. This implies that
the bulk phaser imposes its chemical potential on the inter-

face o though not in general on the new phgBeexcept at
V. DERIVATION OF THE WORK OF FORMATION equilibrium. Equation41) then simplifies to

Consider a homogeneous fluid mas# contact with a AU=(P—PP)\VE+aF+[uP(PP)— u*(P)INA. (42

thermal reservoirr and a work reservoirr which, respec- We point out that this situation is possible, but that it also

tively, impose ona a temperaturd and a pressur®. The . ! o ) . .
boundary between the work reservoir andis adiabatic L[nplles the application of a fiel@constraint that will cause

while that with the thermal reservoir must, of course, bet T H Since theAU in Eq. (42) refers(see its introduction

. L ) . at the beginning of this sectipto a change of state in which
diathermal. For simplicity we first treat the single componentbo,[h the entropy and volume are maintained constant, it is

case. Let an embryo of a second phfisie formed entirely clearly equal to the-W; of Eq. (3), i.e., to thereversible

within «. The entropy, volume, and mass of the composite :
. - work, in excess of volume work, performed the system. It

(system plus reservoirss chosen to be constant. In the final . . . .
state, onceB has been formed, we will useandg to denote s thus t.he revemble work of formation of the embryo, and if
' ' =u® it may include work exchanged with the field. We

uniform _phasc_as. hav!ng the Intensive properties _of t.he bu”{::ote that Eq(41) is more general than E¢42).
phases in their imagined continuation up to the dividing sur- L X ;
Using identical arguments, the reversible work of form-

face(e.g.,a in Fig. 1). Then with subscripte andf denoting . - o
initial and final states, the change in internal energy of the 9 & bubble or a droplef within an existing phase for an

composite system due to the formation of ph@sis given h-component mixtureit=1,...n) is
by

Wie,=(P=PP)VA+ oF + 2 [uf(PP) = ui'(P)INF
AU=AU+AUT+U{—US+UP+U", (33 '

whereU§, Uf, andU? all refer to uniform phases, imag- + (- u(PYINY
ined or otherwise, and“ refers to the excess quantity asso- 7 Ki K He

ciated with the interface that appears in the final state. Since

the temperature reservoir does not perform work and th&h deriving this equation it is assumed the}t'the formation of
work reservoir cannot communicate heat to the remainder df'® €mbryos does not change the composition of the mother

the systemand T and P are maintained constanve have phasea. In other words, the embryo is small compared to the
mother phase.

(43

AUT=TAS = -T(SP+S7+ 5~ S5), (34) When the embryo is incompressible, as is approximately
AUT= — PAVT=P(VEL VI VE), (35 true for a small droplet, we can write
while the first degree homogeneous nature of the extensive wl(PP)=pf(P)+ vP(PP=P), (44
guantities requires where?{; is the partial molar volume of componentin
US=TS — PVE+ uoNE, (36) phaseg. Then the work of formation simplifies to
UG=TS5—PVG+ NG, (37 Wiey=0F+ 2 [f(P) = ui'(P)INF
UP=TSP—PAVA+ uPNA, (39
Proper accounting of the actual amount of extensive quanti- + 2 [ (P)INY . (45
ties is restored via the single-component analog of(B8), '
UT=TS + oF+ N, (39 The last summation in this equation is often incorrectly omit-

ted in the nucleation literature.

In Egs. (36) and (37) we have used the fact that* The reversible work of formation of an embryo that is
remains unchanged becauBandP are constant imx. Fur-  not a nucleus is given by Eg&t3) or (45), and in this sense
thermore, by introducing®?, we have allowed for the pos- the argument has gone beyond the point where Gibbs left it.
sibility, discussed in the previous section, that the pressuredowever, the characteristics of this embryo, in particutar
in the two phases may be different. We emphasize again thaind ; depend on the particular constraint used to maintain
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the equilibrium. The constraint can be interpreted as a field. gF
Exactly what model, that is to say what field, needs to be ~ —55 =0 (54)
introduced is then an open question. The need to employ this !
constraint is a nontrivial problem because the path of disUsing Eq.(53) in (48) and(54) in (49) yields the conditions
placement from the initial state of equilibrium must be aof equilibrium
reversible ondji.e., a sequence of equilibrium statekthe IF
use and variation of a thermodynamic potential is to have  Au;+o Wzozluf( PA)=pui(P), (55)
any meaning. Thus constrained equilibrium states adjacent to i
that of t_he nucleus must be involved in this path, and in the Aﬁj=0=>ﬁj=,uj“(P)- (56)
nucleation case these states must represent embryos that are
not nuclei. Fortunately, as explained in Sec. I, in the varia-Equationg55) and(56) imply that the chemical potentials of
tion of the thermodynamic potential about the state of theeach component are uniform throughout the entire system.
system containing the nucleus, the constraints defining th&hus for the critical nucleus, the constraint vanishes identi-
reversible path do not have to be spec|f|ed in dqméy caIIy As shown elsewhergethe critical nucleus is in unstable
may remain “hidden’) as long as we are only interested in €quilibrium with the mother phase.
the properties of the nucleus itself, and, as a result, we need Returning now to Eq(41), if phaseg is in equilibrium
not concern ourselves about the “model” as long as ouwith «, the reversible work becomes
Ttelrfest remains concentrated on the properties of the nucleus 5, — W, o= oF + (P— PV, (57)
itse

We now consider the determination of the critical If the new phase is spherical, we invoke K@), Laplace’s
nucleus. The composition of the critical nucleus follows €quation, to obtafh’

from applying to Eq.(45) the conditions i(=1,...n) 4mr20 2mr3(PP—P) 1603
MW,y o . Wiem=—3 = 3 “3pr—p2 9
07NB Equation(58) gives the reversible work of forming a spheri-
W cal critical nucleus. It is completely general, and does not
rj":o_ (47) depend on any assumptions as to the nucleus’ incompress-
N ibility.
In Eq. (46) NB (j#i) and allN¢ are kept constant. In Eq. In order to calculate the nucleation rate, it is necessary to

(47) N7 (H&l) and aIINB are kept constant. Equatia#6) determm_e the crmcal nucle_us size and composition. The
nucleus, in classical theory, is assumed homogeneous. How-

ylelds . )
ever, because real nuclei are not uniform, the proper, ther-
IW,ey ﬁF i modynamically consistent way of determining the nucleus
NP NB +Aut+F Nﬁ + z Ni’ ﬁNﬁ size and composition within the classical theory is an impor-
. tant problem. It is often referred to as the surface enrichment
5 aul problem in the nucleation literatufe®
+2| N, aN"” (48) We consider as an illustration the condensation of a bi-
nary vapor mixture. Treating the liquidlike embryos as in-
and Eq.(47) yields compressible, the thermodynamically consistent set of equa-
~ tions needed to calculate the composition, size, and work of
%'— o —+Au+F — +2 Ng 2L formation of the critical nucleus are
PN N N" O ONg
i wE(P)+(PP=P)vi=ui(P), (59)
2 N &Nm (49 u5(P)+(PP=P)vE=pu3(P), (60
where w__ 20
r —(PB—_P), (61)
Api=pf(P)=pj(P), (50 .
a
AT=T— uf(P). (51) Wiey=3- o(r*)?, (62)

The sum of the third and fourth terms on the right hand sideyhere superscript denotes the critical nucleug denotes
in both Eqs(48) and(49) vanishes because (82). The fifth  the liquid, anda the vapor. Equation&9) and(60) are used
terms cancel because of the Gibbs—Duhem equation. Finallyg solve forP? andx'f (mole fraction of component)1Then,
213 with o evaluated at the calculated composition, the size and

(E ENF) , (52) work of formation of the critical nucleus are obtained from

i Egs. (61) and (62). The above equations are in one-to-one
JE 2P correspondence with Egé5), (7), and(58). The key point
——= -1 (53  here is that the starting point, E@5), is correct and ther-
INj r modynamically consistent. If, as is usually done in the nucle-

3
F=4mr?=4x .
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ation literature, one starts instead from the incorrect equationoncritical clusters. However, these authors did not treat the

by truncating Eq(45) through removal of the surface terms, constraint explicitly, and hence arrived at a different expres-

erroneous conditions of equilibrium are obtained instead ofion for the work of embryo formation.

Eq. (55).1718 Although for most purposes of nucleation theory it is
These inconsistencies were noted by WilentskPwho  only the extremum(single-component systemsr saddle

argued that the correct equations to be used in the calculatigeoint (multicomponent mixturesof the expression derived

of the size and composition of the critical nucleus are Eqghere that matters, the present generalization provides the

(55), which indeed they are. Interestingly, Wilemski startedproper and thermodynamically consistent formalism for dis-

with the incorrect equation, namely the truncated version otussing the energetics of embryo formation. Among the ben-

Eq. (45), but he arrived at the correct result by partitioning efits resulting from this rigorous approach is the unambigu-

the embryo into bulk and surface portions. ous resolution of a long-standing controversy in the
nucleation literature~*8 about whether the size and compo-
VI. DISCUSSION sition dependence of the interfacial tension should be in-

In this work we have extended the Gibbsian treatment 0f:luded in taking the extremum condition of the reversible

interfacial thermodynamics in order to properly consider theWork of embryo formation in binary mixtures. Finally, the

energetics of forming a small embryo of a new phase withindens_'ty _fu_nct|0_nal_ app_roach to nuc_lea’_uon the¢eyg., Ref.
a uniform macroscopic mother phase. Whereas Gibbs coril—g) is limited in its rigorous applications to the nucl_eus
sidered the particular case in which the embryo is in unstablglone’ so that a plausibility argument must be used to incor-
equilibrium with the mother phase, we have treated the genporate the effects of embryos that are not nutleThe

eral case in which the embryo and the mother phase are ng{esent development may be helpful in eliminating the need

in equilibrium. This extension is necessary in order to pro—Or a plausibility argument.

vide a rigorous and thermodynamically consistent expression
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