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Kauzmann1 pointed out that the difference between th
entropy of the crystalline and supercooled liquid phases o
substance can vanish at a temperatureTK below the melting
pointTm . This condition, in which a disordered phase wou
attain a lower entropy at absolute zero than a perfect crys
is known as Kauzmann’s paradox. Fecht2,3 extended Kauz-
mann’s ideas to superheated crystals. Recently, Kishore
Shobha4 proposed that the ultimate temperature to which
liquid can be superheated is the temperature at which
entropy equals that of the vapor. They argued, furthermo
that this temperature corresponds to the critical temperat
Cahn5 noted, correctly, that Kishore and Shobha’s analy
did not include pressure as a variable, and suggested
entropy crossing in the vapor–liquid transition deserved f
ther investigation. We show that the entropy of a superhea
liquid and a vapor at the same temperature and pressure
never equal except at the critical point, where both pha
are identical. We then explain the errors involved in Kisho
and Shobha’s argument.

Kauzmann’s paradox1 follows from comparing the entro-
pies of the supercooled liquid and crystal of a substance
the same temperature and pressure. Accordingly, we fi
pressurePa ~Fig. 1! and compare the entropies of the liqui
and vapor phases at successively higher temperatures~e.g., 2
vs 28, 3 vs 38!. We also compare the entropies of pairs
supercooled vapors and liquids at the same temperature
pressure~18 vs 1!. The hypothetical entropy crossing mu
occur before the metastable phase becomes unstable a
spinodal curve bcd. Therefore, if there is a Kauzmann co
dition for the superheated liquid, it must occur
T,Ta~liq.!; likewise for the supercooled vapor, it must occ
atT.Ta~vap.!. Figure 2 shows the entropy of the Carnahan
Starling–van der Waals fluid,6,7 at a reduced pressureP/Pc

of 0.9, wherePc is the critical pressure. The vertical line i
the coexistence temperature. States to the right of the co
istence temperature on the liquid curve are superheated,
those to the left of the coexistence temperature on the va
curve are supercooled. States to the left~right! of the coex-
istence temperature along the liquid~vapor! branch are un-
saturated. The superheated liquid branch ends at the spin
temperature@Ta~liq.! in Fig. 1#; likewise, the supercooled
vapor branch ends at the spinodal temperature@Ta~vap.! in
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Fig. 1#. Thus, the superheated liquid becomes unstable be-
fore its entropy equals that of the unsaturated vapor, and the
supercooled vapor becomes unstable before its entropy
equals that of the unsaturated liquid. This conclusion is valid
for any pressure 0<Pr,1. At the critical point the vapor
and liquid phases are identical, and the equality of entropies
is trivial. At negative pressures, there is no vapor phase to
which the superheated liquid’s entropy can be compared.
Analogous conclusions are obtained from other equations of
state, such as the van der Waals equation. Identical results for
the entropy difference shown in Fig. 2 are obtained by inte-
grating the heat capacity, and using the equation of state to
calculate the excess heat capacity,8

sa~T,P!2sa~T0 ,P!5E
T0

T cp
a~T8,P!

T8
dT8, ~1!

cp
a~T,P!2cp

a~T! ig5T Èv~P,T!S ]2P

]T2D
v
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dv

2
T@~]P/]T!v

2#a

@~]P/]v !T#a 2k, ~2!

FIG. 1. Schematic pressure–volume projection of the phase diagram
of a fluid. ech and bcd are the binodal~coexistence! and spinodal~limit of
stability! loci, respectively. Ta~vap.! is the temperature on the
vapor branch of the spinodal curve at a pressurePa . Ta~liq.! is the
temperature on the liquid branch of the spinodal at a pressurePa .
Ta~liq.!.T3.T2.T1.Ta~vap.!.
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where superscripta denotes the phase~vapor or liquid!, su-
perscript ig denotes ideal gas conditions at the given t
perature and pressure, andT0 is a reference temperature.

The calculations shown in Fig. 2 are model-specific.
generalize, we write (]s/]v)T5(]P/]T)v , wheres and v
are the specific entropy and volume. As long
(]P/]T)v.0, entropy is an increasing function of volum
along an isotherm, hence the entropy of a superheated li
is smaller than that of a less dense unsaturated va
at the same temperature and pressure. The cond
(]s/]v)T5(]P/]T)v,0 does occur in liquids, for exampl
in water at low temperature. There, however, the decreas
entropy upon expansion is due to icelike ordering close
the freezing point.9 Models can be constructed in which o
dering upon expansion occurs at conditions relevant to
vapor–liquid transition, but we are not aware of any physi
justification. Thus, a Kauzmann condition does not arise
the vapor–liquid transition of real substances.

Another argument against entropy crossing follows fro
the fact that a liquid is denser and has lower energy than
vapor at any subcritical temperature and pressure. Using
notationDx5x~vapor,T, P!2x~liquid, T, P!, we must have

Dh5Du1PDv>0 ~T<Tc ;0<P<Pc!, ~3!

whereh, u, andv are the specific enthalpy, energy, and v
ume. The equality in Eq.~3! holds only at the critical point.
A superheated liquid is less stable than the unsaturated v
at the same temperature and pressure. Hence

Dm5Dh2TDs<0 @T>Tb~P!;0<P<Pc#, ~4!

wherem is the chemical potential andTb(P) is the equilib-
rium boiling temperature. An entropy crossing impli

FIG. 2. Entropy of the Carnahan–Starling–van der Waals fluid~Ref. 6,7!
at a reduced pressure of 0.9, showing the absence of a Kauzm
temperature. The vertical line is the coexistence temperature.
entropy and pressure of the Carnahan–Starling–van der Waals
~Refs. 6,7! are given by DS/Nk5S/Nk2@5/21 ln vc/(Lc)

3#53/2 lnTr
2ln rr1@rr(3rr230.6645)#/(7.66612r r)

2 and P/rkT5(11h1h22h3)/
(12h)32ra/kT, whereN is the number of molecules;k is Boltzmann’s
constant;Lc5h/(2pmkTc!

1/2 is the deBroglie wavelength referred to th
critical temperatureTc ; h is Planck’s constant;m is the mass of the mol-
ecule;Tr5T/Tc ,r r5r/rc ; vc andrc are the critical volume per molecule
and number density, respectively;h5rb/4, with b, the van der Waals ex-
cluded volume per molecule; and2ra is the configurational energy pe
molecule. The quantity plotted in this figure isDS/Nk for each phase, a
fixed pressure.
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that there is some temperatureTK , whereDs50. This means

Dm5Dh<0 @T5TK~P!;0<P<Pc#, ~5!

which is clearly inconsistent with Eq.~3!. Equation~5! re-
quires that the enthalpy differenceDh, which is positive atTb
and negative atTK , must vanish beforeDs vanishes, but Eq.
~3! only allowsDh50 at the critical point. Hence the entropy
of a superheated liquid must be lower than that of the unsat-
urated vapor at the same temperature and pressure. The ar-
gument based on Eqs.~3!–~5! does not hold for the super-
cooled vapor because the sign of the inequality~4! is then
reversed.

In extending the concept of a Kauzmann paradox to the
vapor–liquid transition, Kishore and Shobha4 made two mis-
takes. First, they did not use pressure as a variable in their
analysis. If there is a Kauzmann temperature for a super-
heated liquid, it should depend on pressure. Second, they
did not take into account the stability of the superheated
liquid. Their starting point is the correct equationDsv

5*Tb
TK(Dcp /T)dT, whereDsv is the entropy of vaporization

at the given pressure,Tb is the boiling temperature at the
given pressure,TK is the Kauzmann temperature, andDcp is
the difference between the heat capacities of the liquid and
vapor phases at the given pressure. Using a polynomial of
the form cp5a1bT1gT22, one obtains Kishore and
Shobha’s Eq.~4! for the calculation ofTK

Dsv5Da ln
TK
Tb

1Db~TK2Tb!2Dg/2~TK
222Tb

22!, ~6!

whereDa5aliq2avap, and likewise forb and g. We note,
however, that the isobaric heat capacity diverges at the spin-
odal. A polynomial of the forma1bT1gT22 cannot be used
to extrapolatecp data deep into the metastable region, be-
cause it has an incorrect temperature dependence. One
should instead use Eq.~2!. Clearly, the second term in the
right-hand side of Eq.~2! diverges at the spinodal. The cal-
culation done by Kishore and Shobha is therefore incorrect.
No such problem exists for the liquid–solid transition be-
cause there is no spinodal associated with this transition, at
least for supercooled liquids with a positive thermal expan-
sion coefficient.10
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