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Liquid water confined between hydrophobic objects of sufficient size becomes metastable with re-
spect to its vapor at separations smaller than a critical drying distance. Macroscopic thermodynamic
arguments predicting this distance have been restricted to the limit of perfectly rigid confining ma-
terials. However, no material is perfectly rigid and it is of interest to account for this fact in the
thermodynamic analysis. We present a theory that combines the current macroscopic theory with
the thermodynamics of elasticity to derive an expression for the critical drying distance for liquids
confined between flexible materials. The resulting expression is the sum of the well-known drying
distance for perfectly rigid confining materials and a new term that accounts for flexibility. Ther-
modynamic arguments show that this new term is necessarily positive, meaning that flexibility in-
creases the critical drying distance. To study the expected magnitude and scaling behavior of the
flexible term, we consider the specific case of water and present an example of drying between thin
square elastic plates that are simply supported along two opposite edges and free at the remaining
two. We find that the flexible term can be the same order of magnitude or greater than the rigid
solution for materials of biological interest at ambient conditions. In addition, we find that when
the rigid solution scales with the characteristic size of the immersed objects, the flexible term is
independent of size and vice versa. Thus, the scaling behavior of the overall drying distance will
depend on the relative weights of the rigid and flexible contributions. © 2014 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4898366]

I. INTRODUCTION

Fluids under spatial confinement can exhibit remark-
ably different behavior than their bulk counterparts, and
while this has been appreciated for some time,1 the scientific
and technological implications of this phenomenon remain
an active subject of investigation. Aqueous solutions under
confinement have been the object of particularly intense in-
terest, due in part to water’s intimate connection to the ex-
istence of life on Earth2 and the unique scrutiny it has re-
ceived as a bulk fluid.3, 4 Recent studies of aqueous systems
under confinement include characterizing the transport of wa-
ter through carbon nanotubes,5 modifying reaction equilibria
under mesoscale confinement,6 and observing large salinity-
driven currents across boron-nitride nanotubes.7 In addition to
providing a rich platform for inquiries of basic scientific in-
terest, the behavior of water in confined geometries is crucial
to the design of numerous technologies, including membranes
for desalination,8 dip-pen nanolithography,9 and microfluidic
arrays for biological assays.10

The stability of water under hydrophobic confinement
has attracted considerable attention11–13 by serving as a ba-
sic model for fundamental studies of the hydrophobic ef-
fect and its relation to the aggregation behavior of hydropho-
bic objects. The hydrophobic effect plays a pivotal role in
the formation and function of molecular assemblies such

a)Author to whom correspondence should be addressed. Electronic mail:
pdebene@princeton.edu

as micelles,14, 15 globular proteins,16 lipid membranes,17 and
membrane channels.18–20 In 1959, Kauzmann21 first proposed
the connection between the tendency for oil and water to seg-
regate and the stability of globular proteins, a view that has
now reached a broad consensus.22 While the importance of
hydrophobic interactions may be well established, quantify-
ing the many features of this rich phenomenon to the point
of attaining a comprehensive understanding remains an ac-
tive pursuit.23 Such an understanding is certainly required
for the rational design of proteins and other macromolecular
assemblies.

An important advance in developing an understanding
of the hydrophobic effect was identifying the difference be-
tween the hydration of small and large apolar solutes, which
ultimately dictates their tendency to aggregate in solution.23

Small hydrophobes can incorporate into water’s hydrogen
bond network at the cost of limiting the solvent’s degrees
of freedom, resulting in a free energy of solvation that is
dominated by a negative entropic contribution and scales
with the particle’s volume. This solvation behavior is re-
flected in the ability of theories based on the work of cavity
creation,24 cavity distribution25 or related information-based
approaches26–28 to successfully describe the solvation behav-
ior of small apolar solutes. Near large hydrophobes, roughly
1 nm in size at ambient conditions, water is unable to main-
tain the same number of hydrogen bonds as the bulk fluid.
Breaking such bonds results in solvation free energies dom-
inated by an enthalpic penalty that can be macroscopically
characterized through the surface tension of the solute/water

0021-9606/2014/141(18)/18C531/12/$30.00 © 2014 AIP Publishing LLC141, 18C531-1
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interface. That the solvation behavior of large apolar solutes is
characterized by interfacial energetics was first predicted the-
oretically by Stillinger29 and characterized in molecular dy-
namics simulations by Lee, McCammon and Rossky.30 This
crossover from small to large solute hydration behavior has
been incorporated into a unified theory by Lum, Chandler,
and Weeks31 and subsequent studies have explored how this
crossover length can be manipulated.32, 33

The different hydration behavior of small and large ap-
olar solutes has direct bearing on the stability of water
confined between such solutes and the latter’s tendency to
aggregate. Small solute pairs with weak intermolecular inter-
actions are not favored to aggregate, and separation by a sin-
gle water molecule is often the most stable conformation.34–36

Large apolar solute pairs are strongly favored to aggregate
due to the resulting reduction in solvent accessible surface
area.23, 37 This drive towards aggregation is reflected in the
stability of the confined liquid film. As two large apolar so-
lutes are brought together, at small enough separations, the
confined liquid becomes metastable with respect to its vapor.
The separation below which the liquid becomes metastable
is often referred to as the critical drying distance. Drying or
cavitation to a vapor phase results in a strong attractive force
that can promote the aggregation of the confining objects.12, 31

Surface-induced drying transitions have been observed and
characterized in numerous simulations of idealized37–49 and
biologically relevant systems18–20, 50–54 and have also been in-
voked to interpret the long-range hydrophobic attraction.55–60

Macroscopic thermodynamic arguments can predict this
drying transition, and the model system often invoked is that
of two rigid parallel L × L plate-like solutes, separated by a
distance D, and immersed in a bath of water at a fixed chem-
ical potential μ and temperature T.43, 61 We consider the con-
trol volume to be a L × L × (D + ε) rectangular box, where
ε is an arbitrarily small length that allows inclusion of the in-
terface between the plates and the surrounding bulk fluid yet
excludes any bulk fluid itself. The free energy (grand poten-
tial) of the confined liquid is given by

�l = −plL
2D + 4γlsL

2, (1)

and, if we treat the vapor/liquid interface as flat, the free en-
ergy of the corresponding vapor is given by

�v = −pvL
2D + 2γvsL

2 + 2γlsL
2 + 4γvlLD, (2)

where pl and pv are the pressure of the liquid and vapor,
and γ ls, γvs , and γvl are the liquid/solid, vapor/solid, and
vapor/liquid interfacial tensions, respectively. Equating the
above free energies and solving for D yields the separation
below which the confined liquid is metastable with respect to
its vapor,38

Dc = − 2γvl cos θ

(pl − pv)
[
1 + 4γ

vl

L(p
l
−p

v
)

] = − 2γvl cos θ

�p[1 + φ]
, (3)

where �p = pl − pv , φ = 4γ
vl

L�p
, and Young’s equation62 re-

lates the two fluid/solid interfacial tensions to γvl and the con-
tact angle θ . On a sufficiently soft material, the contact angle
of a droplet is not well-described by Young’s equation due
to deformations induced by the vertical component of surface

tension.63–65 For consistency between this discussion and our
subsequent analysis, we consider θ to be the contact angle one
would observe if the material were perfectly rigid. In other
words, θ is a proxy for the chemical composition of the mate-
rial, not its mechanical properties.

The dimensionless group φ can be interpreted as the ra-
tio of the two free energies that oppose drying: the formation
of a vapor/liquid interface and the increase in the bulk free
energy of the confined fluid. For φ � 1, the increase of bulk
free energy provides the main barrier to drying and the critical
drying distance becomes independent of the size of the plates.

Dc = −2γvl cos θ

�p
. (4)

For φ � 1, the formation of an interface provides the main
barrier to drying and the critical drying distance is propor-
tional to the characteristic size of the plates.

Dc = −L cos θ

2
. (5)

Even though these arguments are strictly valid in the thermo-
dynamic limit, recent simulations have found the φ � 1 limit
to be roughly quantitative for nanoscale solutes in water,46, 66

and a recent Monte Carlo study of these arguments applied
to a 2D Lennard-Jones fluid has found quantitative agreement
over a wide span of φ.67 In addition, evaporation of a water-
like fluid under hydrophobic confinement was first predicted
by statistical mechanical arguments in Ref. 68.

While the principles summarized above may inform our
intuition on the behavior of ideal apolar solutes, real materials
of interest are often chemically and topographically heteroge-
neous. This fact has motivated a number of studies on sys-
tems with less idealized features, with several major themes
emerging. Studies of the hydrophobic response of chemically
heterogeneous materials find that relatively few attractive re-
gions on a predominantly hydrophobic surface can produce
both a considerable change in the structure of the interfacial
water next to free surfaces69, 70 and suppress complete drying
under confinement.53, 71–74 Chemical heterogeneity seems to
strongly affect the kinetics of evaporation as well.39, 40 Inves-
tigations on the role of topography suggest that a local feature
that cannot be incorporated into water’s hydrogen bond net-
work will result in large-solute type hydration75, 76 and pro-
mote a drying transition under confinement.50, 53, 77 While a
number of avenues within this theme of heterogeneity remain
to be explored,13 even less attention has been paid to the man-
ner in which the mechanical properties of the confining mate-
rial may alter the phase behavior of confined water.

Several simulation studies have explored how flexibility
alters the drying behavior of water under hydrophobic con-
finement. Beckstein and Sansom78 studied the role of flexi-
bility on water permeation through a pore representative of
a membrane channel. By varying the harmonic spring con-
stant of each pore atom, the authors found that increasing
flexibility shifted the equilibrium water content of the pore
towards the vapor state. Andreev, Reichman, and Hummer79

explored the effect of flexibility on the internal hydration of
carbon nanotubes and found that more flexible nanotubes pro-
moted drying and impeded water transport relative to what has
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been found for rigid nanotubes.80 Xu and Molinero66 stud-
ied the vapor-liquid oscillations between hydrophobic disks
and found that introducing a modest spring constant acting on
each disk atom had a negligible effect on the drying behavior.
To the best of our knowledge, no theory has been presented in
the literature.

In this paper, we present a theory that blends the current
macroscopic theory reviewed above with the thermodynamics
of elasticity to derive the critical drying distance for a fluid
confined between flexible materials. The resulting expression
for the critical drying distance is the sum of the expression
for perfectly rigid solutes and a term associated with the elas-
tic response of the material. Thermodynamic arguments show
that this elastic term is necessarily positive, meaning that flex-
ibility promotes drying, resulting in an increase in the critical
drying distance. We then consider a specific example of dry-
ing of water between simply supported plates with two free
edges in order to estimate the magnitude of the flexible term
and its scaling behavior with respect to plate size. We show
that the elastic term can be of the same order of magnitude
or greater than the rigid term for Young’s moduli within the
range of biologically relevant materials such as amyloid fib-
rils. Like the perfectly rigid solution, the scaling behavior of
the flexible term is controlled by the value of φ. However, in
the limit φ � 1 where the rigid term behaves like a constant
for given set of environmental conditions (see Eq. (4)), the
flexible term scales with the characteristic size of the solute
for a given solute shape and stiffness. For φ � 1, on the other
hand, while the rigid term scales linearly with solute size (see
Eq. (5)), the flexible term is constant for a given solute shape
and stiffness. The different behavior of the rigid and flexible
contributions to the overall drying distance suggests that ac-
counting for flexibility may allow considerable versatility in
the design of hydrophobic assemblies.

We adopt the following organization in this work. In
Sec. II, we derive an expression for the critical drying dis-
tance between linear elastic plates. In Sec. III, we apply the
general framework to the particular case of plates that are
simply supported along two opposite edges and free at the re-

maining two. Section IV contains a discussion of the physical
implications of the expressions derived in Secs. II and III. In
Sec. V, we summarize the conclusions of this study and sug-
gest additional lines of inquiry that build upon this work.

II. CRITICAL DRYING DISTANCE BETWEEN
FLEXIBLE PLATES

In this section, we develop an expression for the criti-
cal drying distance between flexible plates by merging the
thermodynamics of elasticity with the model reviewed in the
Introduction. Recall that upon evaporation, there exists a pres-
sure difference across the plates as well as a vapor/liquid in-
terface, which if the plates are unrestrained, ultimately act as
forces that promote aggregation. If the plates are restrained
against net translation, both the pressure difference across the
plates and the vapor/liquid interface that terminates at the
edge of the plates can act as loads that induce deformation
(Figure 1). These forces acting on the plates correspond di-
rectly to the energetic penalties associated with drying, and
allowing the material to deform under these forces tends to
relieve these penalties, at the cost of introducing strain in the
plates. The interplay between relieving the penalties due to
drying and the added energetic penalty of straining the plates
is the crux of this thermodynamic analysis.

By accounting for the thermodynamic contribution of de-
formation to the free energies of the wet and dry states, we
can develop an expression for the critical drying distance in
a manner akin to the expression for perfectly rigid plates. In
this model, there are no unbalanced forces acting on the un-
strained plates with confined liquid, so flexibility does not
introduce any changes into the free energy of the confined
liquid. In presenting this picture of the wet state (as well as
the subsequent dry state), we have assumed that any deforma-
tions due to fluid/solid interfacial tensions are negligible, as
the rigidity (defined in Sec. III) associated with loading nor-
mal to the plate is much smaller than the rigidity associated
with in-plane loading. Thus, the expression for �l remains
unchanged and is given by Eq. (1).

FIG. 1. Schematic of wet (D > Dc) and dry (D < Dc) states of water between flexible plates. In the wet state, there are no imbalanced forces. In the dry state,
the pressure difference (�p) and vapor/liquid interfacial tension (γ

vl
) act as forces that induce deformation.
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FIG. 2. Deformation that occurs upon drying results in a reduction in both the volume available to the confined vapor (left panel) and the area of the vapor/liquid
interface (right panel).

Upon drying, the pressure difference and the force due
to vapor/liquid surface tension induce a deformation in the
plates, which changes the interfacial areas as well as the vol-
ume of the confined region, as illustrated in Figures 1 and 2.
Thus, deformation introduces three new terms into the free
energy of the vapor state corresponding to the change in vol-
ume, change in interfacial area, and strain energy due to de-
formation (see also Appendix A). By limiting our analysis to
small deformations, we can regard the changes in fluid/solid
interfacial area as well as curvature effects on the interfacial
properties as negligible.

Letting −�V be the decrease in volume available to the
confined fluid on account of plate deformation, −�Avl be the
corresponding decrease in vapor/liquid interfacial area, and
Ustrain be the total strain energy introduced upon deformation,
the free energy of the vapor state can be written as

�v = −pvL
2D + 2γvsL

2 + 2γlsL
2 + 4γvlLD

−�p�V − γvl�Avl + Ustrain, (6)

where D is the distance between the unstrained plates.
The modification to the free energy of the vapor state

(i.e., −�p�V − γvl�Avl + Ustrain) represents the total free
energy change associated with going from a state with con-
fined vapor and unstrained plates to a state with confined va-
por and strained plates, both at the same temperature. Since
material deformation under load is a spontaneous process, we
anticipate that this modification accounting for the free en-
ergy change associated with deformation is negative, suggest-
ing that flexibility stabilizes the vapor state with respect to its
liquid. This will be demonstrated rigorously below (see also
Appendix A).

Equating the expressions for �l [Eq. (1)] and �v

[Eq. (6)] and solving for D yields the critical drying distance,

Dc = − 2γvl cos θ

�p[1 + φ]
+ �p�V + γvl�Avl − Ustrain

L2�p[1 + φ]
, (7)

which is simply the sum of the term corresponding to
rigid plates and a term associated with flexibility. The term
�p�V + γvl�Avl is the work done by the bulk fluid and the
vapor/liquid interface, which is equal to 2Ustrain for a linear

elastic solid81, 82 (see also Appendix A). Thus, for a linear
elastic solid, the above equation can be reduced to

Dc = − 2γvl cos θ

�p[1 + φ]
+ �p�V + γvl�Avl

2L2�p[1 + φ]
. (8)

Since the term on the right is positive (�p > 0, �V > 0,
�Avl > 0, φ > 0) the drying distance for flexible plates is
larger than that of perfectly rigid plates. In other words, flex-
ibility favors evaporation. A common way of characterizing
hydrophobic and hydrophilic materials is via the contact an-
gle. For perfectly rigid materials with contact angles less than
90◦, the drying distance is negative, so drying is never thermo-
dynamically favored. However, since the term associated with
flexibility is necessarily positive, this equation suggests that
drying may be possible between flexible materials typically
considered hydrophilic (θ < 90◦). It should also be mentioned
that Eq. (7) yields an estimate of the drying distance between
slightly curved rigid plates if Ustrain is set to zero. Since the
term on the right is positive if the plates are bent inward,
curvature itself may also promote evaporation between hy-
drophilic materials, in agreement with recent observations.83

While thermodynamic arguments suggest that flexibility
increases the critical drying distance, we can say little about
the significance of this statement without an estimate of the
magnitude of the flexible term. Unless the flexible term is
comparable in magnitude to the rigid term, the arguments pre-
sented here are reduced to an intellectual exercise of little con-
sequence. Thus, in Sec. III, we consider a specific example
that allows us to make some estimates of the magnitude and
scaling behavior of this flexible term.

III. ILLUSTRATIVE EXAMPLE: THE CASE OF TWO
PLATES WITH SIMPLY SUPPORTED OPPOSING
EDGES

In order to estimate the effect of material flexibility on
the drying transition, we develop an expression for the criti-
cal drying distance between two identical flexible plates that
are restrained by simply supporting the edges at y = 0, L
(see Figure 3). To develop this expression we must solve
for the deflection profile w(x, y), and then use the profile to
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FIG. 3. Schematic of the type of support for the plates in our example. The
plate is simply supported at the edges y = 0, L, and free to translate at the
edges x = − L

2 , L
2 .

develop expressions for the change in volume and interfacial
area. Our solution is derived within the context of classical
plate theory,84 so it is only strictly valid for plates with small
thickness-to-length ratios.85

A. Plate deflection

The equation of equilibrium for a thin elastic plate sub-
ject to an external force �p is81, 84

�2w(x, y) = �p/Df , (9)

where �2 represents the Laplacian operator applied twice
(i.e., �2 = �� = (∇ · ∇)(∇ · ∇) where ∇ is the divergence)
and Df is the flexural rigidity of the plates, given by

Df = Eh3

12(1 − ν2)
, (10)

where E is Young’s modulus, h is the thickness, and ν is Pois-
son’s ratio (the negative ratio of transverse to axial strain).
In this example, we consider the deflection of L × L plates
that are simply supported at the edges y = 0, L and free at
the edges x = −L

2 , L
2 (Figure 3). Choosing the coordinates

in this manner ultimately facilitates a more elegant solution.
The deflection profile w(x, y) in a given plate is the result of a
uniform transverse load �p acting across the plates due to the
pressure difference between the bulk fluid and the confined
vapor as well as a force due to the vapor/liquid interfacial ten-
sion that pulls on the edge of the plates. Since both plates are
identically supported and loaded, we can proceed by solving
for w(x, y) for one plate in the positive z-direction and ac-
counting for the second plate in the subsequent analysis.

The boundary conditions at the simply supported edges
y = 0, L are no deflections and no bending moments,

w = 0
∂2w

∂y2
+ ν

∂2w

∂x2
= 0. (11a)

However, since derivatives of w(x, y) with respect to x van-
ish along the supported edges, the condition of no bending

moments reduces to

∂2w

∂y2
= 0. (11b)

The boundary conditions at edges x = −L
2 , L

2 are the absence
of bending moments and equality between the effective shear
force at the edge and the load along the edges,84 which in this
case is the surface tension.

∂2w

∂x2
+ ν

∂2w

∂y2
= 0, (12a)

−Df

(
∂3w

∂x3
+ (2 − ν)

∂3w

∂x∂y2

)
= γvl. (12b)

Even after assuming a flat vapor/liquid interface, this force
should be γvln̄ · k̄, where n̄ is the unit normal to the plate
and k̄ is the unit vector in the z-direction. However, since the
deflections are small, n̄ ≈ k̄ at any point along the edge, so
n · k̄ ≈ 1.

Using a series solution of the form proposed by Levy84

yields

w(x, y) = �pL4

Df

∞∑
m=1,3,5..

[
4

(mπ)5
+ Am cosh

(
mπx

L

)

+Bm

mπx

L
sinh

(
mπx

L

)]
sin

(
mπy

L

)
, (13)

where Am and Bm are coefficients that depend on ν and φ. A
more detailed presentation can be found in Appendix B.

The above equation can be collapsed to more tractable
expressions by letting the infinite sum evaluated at a point on
the plates, which is a dimensionless function of the parame-
ters φ and ν, be represented by

w̃(φ, ν) =
∞∑

m=1,3,5..

[
4

(mπ)5
+ Am cosh(mπx̃)

+Bmmπx̃ sinh(mπx)

]
sin(mπỹ), (14)

where x̃ = x/L and ỹ = y/L. Thus, the general solution can
be represented by

w(x, y) = �pL4

Df

w̃ (φ, ν) . (15a)

The deflection is induced by two contributions: the pressure
difference across the plates and the vapor/liquid interface at
the edges, whose relative weights are embodied in the dimen-
sionless group φ. Thus, we see that the two free energies that
oppose drying translate into forces acting on the plates upon
drying, and the ratio of these forces predicts which one plays
a dominant role in inducing deformation. This is apparent if
we consider the deformation in the limits of large and small φ

(see also Appendix B).
When φ is large, the surface tension contribution out-

weighs the bulk pressure term, and the deflection is described
by the solution to the case of simply supported plates subject
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to a force applied only along the unsupported edges,

w(x, y) = γvlL
3

Df

w̃s (ν) φ � 1, (15b)

where w̃s(ν) is an infinite sum of similar form as Eq. (14).
When φ is small, the deflection is described by the solu-

tion to the case of simply supported plates subject to a uniform
transverse load �p.

w(x, y) = �pL4

Df

w̃ p (ν) φ � 1. (15c)

Note that in both limits, the φ-dependence is eliminated.

B. Volume, area, and strain energy

The total change in volume, half of which is illustrated in
the left panel of Figure 2, is given by twice the integral over
the entire domain of a single plate,

�V = 2
�pL4

Df

L∫
0

L
2∫

− L
2

w̃ (φ, ν) dxdy

= 2
�pL6

Df

1∫
0

1
2∫

− 1
2

w̃ (φ, ν) dx̃dỹ. (16)

If we let the dimensionless integral equal Ṽ (φ, ν), the change
in volume is represented by

�V = 2
�pL6

Df

Ṽ (φ, ν) . (17a)

Similar expressions can be developed for the two φ limits,

�V = 2
γvlL

5

Df

Ṽs (ν) φ � 1, (17b)

�V = 2
�pL6

Df

Ṽp (ν) φ � 1, (17c)

which are the result of integrating Eqs. (15b) and (15c), re-
spectively.

The change in vapor/liquid interfacial area is found by in-
tegrating the displacement function along one of the deformed
edges,

�Avl = 4
�pL4

Df

L∫
0

w̃

(
x = L

2
; φ, ν

)
dy

= 4
�pL5

Df

1∫
0

w̃

(
x̃ = 1

2
; φ, ν

)
dỹ, (18)

where the “4” accounts for the four identical regions, one of
which is indicated in the right panel of Figure 2. If we let the
dimensionless integral equal Ã (φ, ν), then the total change in
vapor/liquid interfacial area is given by

�Avl = 4
�pL5

Df

Ã (φ, ν) . (19a)

In the two limits of φ we have

�Avl = 4
γvlL

4

Df

Ãs (ν) φ � 1, (19b)

�Avl = 4
�pL5

Df

Ãp (ν) φ � 1. (19c)

Accounting for both plates, the total strain energy is given
by81, 84 (see also Appendix A)

Ustrain = Df

L∫
0

L
2∫

− L
2

{(
∂2w

∂x2
+ ∂2w

∂y2

)2

+ 2(1−ν)

[(
∂2w

∂x∂y

)2

− ∂2w

∂x2

∂2w

∂y2

]}
dxdy, (20)

which can also be written as

Ustrain = �p2L6

Df

1∫
0

1
2∫

− 1
2

[
w̃2

x̃x̃ + w̃2
ỹỹ + 2νw̃x̃x̃w̃ỹỹ

+ 2 (1 − ν) w̃2
x̃ỹ

]
dx̃dỹ, (21)

where w̃ij denotes a second derivative with respect to i and
j. If we let the dimensionless integral be represented by
F̃ (φ, ν), we can develop a similar expression for the strain
energy,

Ustrain = �p2L6

Df

F̃ (φ, ν) . (22a)

In the two limits of φ we have

Ustrain = γ 2
vlL

4

Df

F̃s(ν) φ � 1, (22b)

Ustrain = �p2L6

Df

F̃p(ν) φ � 1. (22c)

C. Critical drying distance

Using the compact expressions presented above, we de-
velop a relatively simple solution for the critical drying dis-
tance.

Dc = − 2γvl cos θ

�p[1 + φ]

+�pL4[2Ṽ (φ, ν) + φÃ(φ, ν) − F̃ (φ, ν)]

Df [1 + φ]
. (23)

Using the relationship between the work done by the loads
and the strain energy (see Appendix A), we can reduce this
equation to

Dc = − 2γvl cos θ

�p[1 + φ]
+ �pL4[Ṽ (φ, ν) + φ

2 Ã(φ, ν)]

Df [1 + φ]
. (24)
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TABLE I. Values needed to calculate the critical drying distance with
Eqs. (25b) and (25c).

ν Ṽ
p

Ã
s

0.1 0.00837 0.0223
0.2 0.00850 0.0240
0.3 0.00873 0.0263
0.4 0.00913 0.0295
0.5 0.00978 0.0340

Using the definition of Df [Eq. (10)] we obtain the equivalent
expression,

Dc= − 2γvl cos θ

�p[1 + φ]
+12(1 − ν2)�pL[Ṽ (φ, ν) + φ

2 Ã(φ, ν)]

Eλ3[1 + φ]
,

(25a)

where the aspect ratio λ = h/L has been introduced.
In the limit φ � 1,

Dc =−2γvl cos θ

�p
+ 12(1 − ν2)�pL

Eλ3
Ṽp(ν) φ � 1. (25b)

In the limit φ � 1,

Dc = −L cos θ

2
+ 6(1 − ν2)γvl

Eλ3
Ãs(ν) φ � 1. (25c)

Thus, in the limits of large or small φ, we only need a sin-
gle dimensionless deformation, provided in Table I as a func-
tion of Poisson’s ratio, in addition to the system variables
and material properties in order to calculate the critical dry-
ing distance. For intermediate values of φ, we need a value
of Ṽ (φ, ν) + φ

2 Ã(φ, ν), provided in Figure 4, to calculate the
critical drying distance, using Eq. (25a). The range of inter-
mediate values of φ, found to be roughly between 0.15 and 15,
corresponds to when the flexible term in Eq. (25a) is within
10% of the flexible term of either Eq. (25b) or Eq. (25c).

IV. DISCUSSION

The critical drying distance between flexible materials
[Eq. (8)] is the sum of the drying distance between perfectly
rigid plates and a new term that accounts for flexibility. The
above derivation [Eq. (25a)] allows us to compare how the
rigid and flexible contributions to the overall drying distance

FIG. 4. For intermediate values of φ, the critical drying distance can be cal-
culated using the information presented here along with Eq. (25a).

scale with material and environmental variables. For the pur-
pose of this discussion we consider self-similar plates with
λ = 1/25 at the large and small limits of φ. We also take
the plates to be perfectly hydrophobic, meaning cos θ = −1.
When φ � 1, the rigid part of the solution behaves like a con-
stant for a fixed T and μ of the surrounding bath, while the
flexible term scales linearly with plate size. In φ � 1 limit,
the rigid part of the solution is on the order of the plate’s
size, while the flexible part behaves as a constant proportional
to γvl/E. Thus, the scaling behavior of the rigid and flexible
terms are switched at the two extremes of φ.

It is interesting to note that γvl/E is an important char-
acteristic length scale in the study of elastocapillarity.86–88 In
fact, an elastocapillary length proportional to γvl/E arises in
the flexible term for both limits. To show this, we first make
the numerical observation that in both limits,

12(1 − ν2)Ṽp(ν) ≈ 6(1 − ν2)Ãs(ν) ≈ 1

10
, (26)

which means we can approximate the flexible contributions as

Df lex ≈ �pL

10Eλ3
φ � 1, (27a)

Df lex ≈ γvl

10Eλ3
φ � 1. (27b)

If we define Drigid as the rigid contribution to the drying
distance in the appropriate limit of φ one is considering, we
can write the flexible contribution in the φ � 1 limit as

Df lex ≈ �p

2γvl

γvl

5Eλ3
L = LEC

Drigid

L φ � 1, (28a)

where the elastocapillary length LEC has been defined as
γ

vl

5Eλ3 . The term λ3 is certainly an important component of the
characteristic deformation, and the numerical prefactor has
been included for convenience. The φ � 1 limit is given by

Df lex ≈ LEC

2
φ � 1. (28b)

It can be seen from Eqs. (28a) and (28b) that the flexible
contributions behave rather differently with respect to
characteristic size in the two limits.

The opposite scaling behavior with respect to plate size
between the flexible and rigid contributions to the drying dis-
tance, alluded to above, becomes more apparent if we con-
sider their ratio. In the small φ limit, this ratio is given by

Df lex

Drigid

≈ LEC

D2
rigid

L φ � 1, (29a)

while in the large φ limit it is given by

Df lex

Drigid

≈ LEC

L
φ � 1. (29b)

The former scales with L whereas the latter scales with 1/L.
For flexibility to be important to the thermodynamics

of drying, the quantity Dflex must be comparable to Drigid.
This can easily be assessed through the ratios provided in
Eqs. (29a) and (29b). Since φ depends on both the charac-
teristic size and thermodynamic conditions, we narrow this
discussion by considering three state points for water detailed
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TABLE II. Lower and upper bound on plate size needed for φ to be small
(≤0.15) or large (≥15), respectively, at three water state points.

φ � 1 φ � 1

State pointa Lmin Drigid (nm) Lmax (nm) Drigid (Lmax) (nm)

20 ◦C 1 bar 20 μm 1440 200 100
90 ◦C 1 bar 70 μm 4670 700 350
20 ◦C 2 kbar 10 nm 0.72 0.1 0.05

aWhen φ is small, the rigid contribution to the drying distance is constant at a given state
point. When φ is large, the rigid solution is dependent on the characteristic size, which
therefore places a maximum bound on the rigid contribution.

in Table II. Picking a state point puts a lower bound on the
characteristic size needed for φ to be small (φ ≤ 0.15) and
an upper bound on the characteristic size needed for φ to
be large (φ ≥ 15) (provided in Table II). As an example we
consider two representative materials: amyloid fibrils (E ∼ 1
Gpa) and glass (E ∼ 100 Gpa).89 While typical glass is not
the perfectly hydrophobic material (θ = 180◦) that was in-
troduced at the outset of this discussion, we call this mate-
rial glass primarily to provide the reader with some physical
intuition regarding its stiffness. In addition, a number of ex-
periments studying the forces between hydrophobic surfaces
are conducted using surface-modified glass as the confining
material.90

Figure 5 presents the ratio of the flexible to the rigid con-
tribution at a given state point, plotted against the rigid con-
tribution, for φ � 1. The L used in calculating these ratios is
Lmin from Table II, so these ratios represent a lower bound. At
moderate pressures, the drying distance for the amyloid ma-
terial is the result of comparable rigid and flexible contribu-
tions, while for glass, the flexible contribution is negligible.
At elevated pressures, the flexible contribution is the dom-
inant component to the drying distance for either material.
At such high pressures, some caution is warranted, as we are
pushing the assumption of small deformations. Nonetheless,
the present analysis suggests that while Drigid is suppressed at

FIG. 5. The ratio between the flexible and rigid contributions to the drying
distance against the rigid solution for φ � 1 is shown at three water state
points for two materials. Both materials in this example have a characteristic
size of Lmin, which is the minimum size required to be within the φ � 1 limit.
Since the ratio shown on the y-axis scales by L, the values presented represent
a lower bound. Values above the dashed line, indicating unity, correspond to
cases where the flexible contribution to the drying distance is greater than the
rigid contribution.

FIG. 6. The ratio between the flexible and rigid contributions to the drying
distance for water at ambient conditions, as a function the rigid contribution
for φ � 1. This ratio decays like 1/L, and the elastocapillary length LEC alone
determines the overall ratio for a given characteristic size.

elevated pressure, a prediction consistent with simulations of
rigid solutes,13, 44 the flexible contribution is capable of com-
pensating for a significant portion of this pressure-induced re-
duction, resulting in an overall drying distance that can remain
roughly constant or even grow with pressure.

Figure 6 shows the ratio of the flexible to the rigid contri-
bution at moderate pressure, plotted against the rigid contri-
bution, for φ � 1. At elevated pressures, φ � 1 requires L to
be very small, on the order of a few angstroms (see Table II),
so we confine our attention of the large φ limit to moderate
pressures. For the amyloid, the flexible contribution remains
dominant until the characteristic length is O(100 nm). This
suggests that for small and relatively soft materials at ambient
conditions, the overall drying distance would appear to be rel-
atively constant, rather than scaling with characteristic size of
the hydrophobic object. For glass, however, the rigid solution
is always the dominant contribution to the drying distance, so
one would expect the drying distance to scale with size.

We conclude this discussion by considering how the
trends noted above may inform the rational design of hy-
drophobic assemblies. Given the opposite scaling behavior of
the rigid and flexible terms at the small and large φ limits,
considering flexibility as a design parameter may allow more
versatility in the engineering of hydrophobic assemblies. For
nanoscale assemblies at ambient conditions (i.e., the φ � 1
limit), the rigid solution suggests that one is limited to tun-
ing size (L) and to some degree chemistry (θ ). By accounting
for flexibility, we see that the mechanical properties (E) and
shape (λ) can be important design parameters. For micron-
sized assemblies at ambient conditions (i.e., the φ � 1 limit),
flexibility introduces size, shape, and mechanical properties
as design variables. In addition, flexibility may be an impor-
tant part of understanding the behavior of assemblies at ex-
treme conditions, such as elevated pressure.

V. CONCLUSION

In this work, we have developed a thermodynamic theory
of drying between flexible materials by determining the crit-
ical drying distance of a liquid confined between linear elas-
tic plate-like solutes. The resulting expression for the critical
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drying distance is the sum of the drying distance between per-
fectly rigid plates and a new term that accounts for flexibility.
The energetic penalties of drying, the reduction in bulk fluid
free energy and formation of a vapor/liquid interface, result in
forces acting on the plates upon drying. Allowing plate flex-
ibility relieves these penalties to some extent, but at the cost
of introducing strain in the plates. However, thermodynamic
arguments show that the free energy decrease associated with
this relief outweighs the free energy increase associated with
strain. Thus, the term accounting for flexibility is necessarily
positive, meaning that flexibility augments the critical drying
distance.

In order to estimate the magnitude of the flexible term’s
contribution to the critical drying distance and investigate the
expected scaling behavior, we considered the example of dry-
ing between plates that are simply supported at two edges
and free at the remaining ones. This analysis yielded a rel-
atively simple expression for the drying distance that be-
haves differently depending on the relative weights of the
energetic penalties to drying, quantified through the dimen-
sionless group φ. At the large and small limits of this dimen-
sionless group, the scaling behavior of the two terms in the ex-
pression for the drying distance are quite different, suggesting
that considering flexibility broadens the ability to design hy-
drophobic assemblies at various length scales. By comparing
the ratios of the rigid and flexible contributions to the overall
drying distance, we showed that for water at ambient condi-
tions, at least half of the drying distance can come from the
flexible term for materials with a Young’s modulus of the or-
der of 1 GPa (e.g., amyloid fibrils). For objects with a suf-
ficiently small characteristic size, roughly 10 nm in our ex-
ample, the flexible term is the dominant contribution to the
overall drying distance. At elevated pressures, materials with
moduli as large as 100 GPa (e.g., glass) are expected to have
drying distances well approximated by the flexible term.

Given the number of simplifying assumptions invoked in
our analysis, there exist numerous avenues worth exploring
to enrich the ideas presented here. We have considered the
existence of only two stable states: a completely wet and a
completely dry confined region. It would be interesting to in-
vestigate whether flexibility introduces additional free energy
minima associated with incomplete drying. In addition, while
we have introduced a feature of ‘real’ materials (i.e., flexibil-
ity) into the problem of hydrophobic drying, our system is still
highly idealized. Assessing how flexibility mediates the be-
havior of assemblies such as membrane channels or protein-
ligand complexes is an interesting problem. While we have
addressed the purely thermodynamic question of when drying
between flexible substrates becomes favorable, exploring how
flexibility affects the kinetics of drying is another important
problem whose solution could yield fresh insights into the de-
sign of hydrophobic assemblies. This last question regarding
kinetics is one that we are currently exploring via molecular
simulations.
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APPENDIX A: THERMODYNAMICS
OF AN ELASTIC SOLID

The differential form of the fundamental equation for a
volume element of an elastic solid subject to small deforma-
tions is given by

dU = T dS + σij dεij , (A1)

where σ ij and εij are components of the stress tensor σ and
strain tensor ε, and U is the internal energy and S is the en-
tropy, both in volume intensive units.81 Since we are inter-
ested in the behavior of a flexible solid in contact with a con-
stant temperature reservoir (the bulk fluid), the canonical ther-
modynamic variables are the solid’s temperature and state of
strain. This means that the Helmholtz free energy is the ap-
propriate potential for the solid, whose differential form is
obtained through the first Legendre transform of the funda-
mental equation,

dA = −SdT + σij dεij . (A2)

If the solid undergoes an isothermal change in its state of
strain, the differential can be integrated to yield,

A = A0(T ) +
ε
ij∫

0

σij dε′
ij = A0(T ) + Ustrain, (A3)

where A0(T) is some function of temperature and the integral
over the components of strain is the strain energy per unit
volume. Given the form above, one can describe an isothermal
change in strain solely through the strain energy.

Limiting the analysis to an isotropic linear elastic
(Hookean) solid, the strain energy is given by a quadratic
function of the strain components.81 Since the strain energy
is a quadratic function of strain, one can apply Euler’s theo-
rem for homogeneous functions to show that

2A = εij

(
∂A

∂εij

)
T

= σij εij . (A4)

Since σ ijεij is the work per unit volume performed by the
stress σ ij deforming solid element, we see that the free en-
ergy change of the solid strained isothermally will be half the
work performed on that element.

For a thin elastic plate, the strain energy of a single plate
can be independently calculated through

F = 1

2
Df

∫ ∫ {(
∂2w

∂x2
+ ∂2w

∂y2

)2

+ 2(1 − ν)

[(
∂2w

∂x∂y

)2

− ∂2w

∂x2

∂2w

∂y2

]}
dxdy, (A5)

where w is the deflection profile of the plate and the integral
is over the entire domain of the plate.81
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APPENDIX B: DEVELOPMENT OF w(x, y)

Here, we provide a more detailed derivation of the deflec-
tion profile for a plate simply supported at edges y = 0, L and
free at the edges x = −L

2 , L
2 (Figure 3), subject to a uniform

load �p and an effective shear force at the free edges γvl , both
oriented in the positive z-direction. We use the series solution
suggested by Lévy,84

w = w1 + w2,

w1 = �pL4

Df

∞∑
m=1,3,5...

4

(mπ )5 sin
(mπy

L

)
,

w2 =
∞∑

m=1,3,5...

Ym (x) sin
(mπy

L

)
, (B1)

Ym(x) = �pL4

Df

[
Am cosh

(mπx

L

)
+ Bm

mπx

L
sinh

(mπx

L

)

+Cm sinh
(mπx

L

)
+ Dm

mπx

L
cosh

(mπx

L

) ]
,

where Am, Bm, Cm, and Dm are coefficients that are unique to a
particular set of boundary conditions. Due to symmetry across
the y-axis, only even expressions in Ym(x) should be retained,

Ym(x)= �pL4

Df

[
Am cosh

(
mπx

L

)
+Bm

mπx

L
sinh

(
mπx

L

)]
,

(B2)

meaning Cm = Dm = 0.
The boundary conditions at the simply supported edges

y = 0, L are

w = 0
∂2w

∂y2
= 0, (B3)

which are both already satisfied. The boundary conditions at
edges x = −L

2 , L
2 are

∂2w

∂x2
+ ν

∂2w

∂y2
= 0 (B4)

and

−Df

(
∂3w

∂x3
+ (2 − ν)

∂3w

∂x∂y2

)
= γvl. (B5)

We can find the desired coefficients by expressing boundary
conditions in terms of derivatives of the above equation. If
we let αm = mπ

2 , then boundary condition given in Eq. (B4)
yields,

∞∑
m=1,3,5...

[
Am(1 − ν) cosh αm

+Bm[2 cosh αm + (1−ν)αm sinh αm]− 4ν

(mπ)5

]
=0. (B6)

Since this can be satisfied by setting inside of the summation
equal to zero for any m, the first boundary condition becomes.

Am(1 − ν) cosh αm + Bm[2 cosh αm + (1 − ν)αm sinh αm]

= 4ν

(mπ)5
. (B7)

In order to proceed with the second boundary condition
[Eq. (B5)], we set the constant γvl equal to its Fourier sine
series on the interval yε(0, L),

γvl =
∞∑

m=1,3,5...

4γvl

mπ
sin

(mπy

L

)
. (B8)

The boundary condition now becomes

−�pL

∞∑
m=1,3,5...

(mπ

L

)3
{Am (ν − 1) sinh αm + Bm[(1 + ν) sinh αm + (ν − 1) αm cosh αm]} sin

(mπy

L

)

=
∞∑

m=1,3,5...

4γvl

mπ
sin

(mπy

L

)
, (B9)

which simplifies to

Am(ν − 1) sinh αm + Bm[(1 + ν) sinh αm + (ν − 1)αm cosh αm] = − φ

(mπ)4
. (B10)

Solving for Am and Bm yields,

Am = 4

(mπ )5

ν (1 + ν) sinh αm − ν (1 − ν) αm cosh αm + (
mπφ

4

) [
2 cosh αm + (1 − ν) αm sinh αm

]
(3 + ν) (1 − ν) sinh αm cosh αm − (1 − ν)2 αm

, (B11)
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Bm = 4

(mπ)5

ν(1 − ν) sinh αm − (
mπφ

4

)
(1 − ν) cosh αm

(3 + ν)(1 − ν) sinh αm cosh αm − (1 − ν)2αm

.

(B12)

The accompanying series solution is

w(x, y) = �pL4

Df

∞∑
m=1,3,5..

[
4

(mπ)5
+ Am cosh

(
mπx

L

)

+Bm

mπx

L
sinh

(
mπx

L

)]
sin

(
mπy

L

)
. (B13)

If we let

w̃(φ, ν) =
∞∑

m=1,3,5..

[
4

(mπ)5 + Am cosh(mπx̃)

+Bmmπx̃ sinh(mπx̃)

]
sin(mπỹ), (B14)

then the solution can be written as

w(x, y) = �pL4

Df

w̃ (φ, ν) . (B15)

We can obtain the limits of the deformation function for large
and small φ. In the large φ limit, the deflection is described
by

w(x, y) = γvlL
3

Df

∞∑
m=1,3,5..

[
A′

m cosh

(
mπx

L

)

+B ′
m

mπx

L
sinh

(
mπx

L

)]
sin

(
mπy

L

)
, (B16)

A′
m = 4

(mπ )4

2 cosh αm + (1 − ν) αm sinh αm

(3 + ν) (1 − ν) sinh αm cosh αm − (1 − ν)2 αm

,

(B17)

B ′
m = 4

(mπ)4

− (1 − ν) cosh αm

(3 + ν) (1 − ν) sinh αm cosh αm − (1 − ν)2 αm

.

(B18)

If we let

w̃s(ν) =
∞∑

m=1,3,5..

[A′
m cosh(mπx̃)

+B ′
mmπỹ sinh(mπx̃)] sin(mπỹ), (B19)

then the solution is this limit can be written as

w(x, y) = γvlL
3

Df

w̃s (ν) φ � 1. (B20)

In the small φ limit, the deflection is described by

w(x, y) = �pL4

Df

∞∑
m=1,3,5..

[
4

(mπ)5
+ A′′

m cosh

(
mπx

L

)

+B ′′
m

mπx

L
sinh

(
mπx

L

)]
sin

(
mπy

L

)
, (B21)

A′′
m = 4

(mπ)5

ν (1 + ν) sinh αm − ν (1 − ν) αm cosh αm

(3 + ν) (1 − ν) sinh αm cosh αm − (1 − ν)2 αm

,

(B22)

B ′′
m = 4

(mπ)5

ν (1 − ν) sinh αm

(3 + ν) (1 − ν) sinh αm cosh αm − (1 − ν)2 αm

.

(B23)

If we let

w̃ p(ν) =
∞∑

m=1,3,5..

[
4

(mπ)5 + A′′
m cosh (mπx̃)

+B ′′
mmπx̃ sinh (mπx̃)

]
sin (mπỹ) , (B24)

then the solution is this limit can be written as

w(x, y) = �pL4

Df

w̃ p (ν) φ � 1. (B25)
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